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Abstract 

We study the general structure of the AdS^/CFT^ correspondence in type 
IIB string theory from the perspective of generalized geometry. We begin by 
defining a notion of "generalized Sasakian geometry," which consists of a con- 
tact structure together with a differential system for three symplectic forms on 
the four-dimensional transverse space to the Reeb vector field. A generalized 
Sasakian manifold which satisfies an additional "Einstein" condition provides 
a general super symmetric AdS$ solution of type IIB supergravity with fluxes. 
We then show that the supergravity action restricted to a space of generalized 
Sasakian structures is simply the contact volume, and that its minimization de- 
termines the Reeb vector field for such a solution. We conjecture that this contact 
volume is equal to the inverse of the trial central charge whose maximization de- 
termines the R-symmetry of any four-dimensional N = 1 superconformal field 
theory. This variational procedure allows us to compute the contact volumes 
for a predicted infinite family of solutions, and we find perfect agreement with 
the central charges and R-charges of BPS operators in the dual mass-deformed 
generalized conifold theories. 
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1 Introduction and results 



One of the most significant advances in contemporary theoretical physics has been the 
realization that certain geometric backgrounds in string theory have completely equiv- 
alent descriptions as ordinary quantum field theories. Thanks to this gauge/gravity 
correspondence, many new insights have been obtained on both sides. The archetypal 
example is the AdS^ x S 5 solution of type IIB supergravity, with the round Einstein 
metric on S 5 , which corresponds to M = 4 super- Yang-Mills theory p]. In fact, ac- 
cording to the AdS/CFT correspondence, any supersymmetric AdS$ solution admits 
a dual description in terms of a four-dimensional superconformal field theory (SCFT). 
In this paper we shall elucidate the geometric structure of such general solutions, and 
explain how it maps to important properties of SCFTs. 

Following on from the AdS§ x S 5 solution, a rich class of special solutions takes 
the form AdS$ x Yse, where Yse is a Sasaki-Einstein five-manifold [2j |5j [3j 0]. The 
latter is by definition a compact five- manifold whose metric cone C(1se) is Kahler and 
Ricci-flat, i.e. Calabi-Yau. The dual SCFTs have M = 1 supersymmetry and can be 
understood as arising on a stack of D3-branes located at the apex of the cone. Some 
essential properties of these SCFTs, such as the central charge and the conformal 
dimensions of chiral primary operators, are captured by their Abelian R-symmetry 
[6]. This corresponds geometrically to a canonical Killing vector field £, which is real 
holomorphic with respect to the complex structure on the Calabi-Yau cone, and is also 
the Reeb vector field associated with the contact structure on Yse descending from the 
symplectic structure of the cone. Recall here that a contact form on an odd-dimensional 
manifold of dimension 2n — 1 is a one-form a such that o A (dcr) n_1 is nowhere zero, 
i.e. a volume form. It is a standard result that there is always a unique vector field 
£, called the Reeb vector field, such that £jcr = 1, £jda = 0. The central charge of 
the field theory may then be expressed as the volume of Yse E] , while the volumes 
of supersymmetric three-submanifolds give the conformal dimensions of chiral primary 
operators corresponding to wrapped D3-branes. 

The most general solutions of type IIB supergravity with fluxes dual to M = 1 
SCFTs take the form AdS§ x Y, where Y is a compact Riemannian five-manifold that 
in general is not Sasaki-Einstein. The requirement of supersymmetry puts certain 
constraints on Y, and in particular the cone C(Y) is generalized Calabi-Yau [9], in 
the sense of Hitchin [10J that it carries a non-degenerate closed pure spinor, and thus 
an integrable generalized complex structure. In addition to this, there is a second 
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compatible generalized complex structure, which although non-integrable nevertheless 
implies that the cone is symplectic [9] (provided the five-form flux sourced by D3-branes 
is non- vanishing) . Precisely as in the Sasaki-Einstein case, one can define a canonical 
Killing vector field which is also the Reeb vector field £ associated with the induced 
contact structure on Y. The difference with the Sasaki-Einstein case is that £ is now 
generalized holomorphic, that is holomorphic with respect to the generalized complex 
structure (there is no complex structure in general). Remarkably, the volume formulas 
for the central charge and the conformal dimensions of chiral primary operators still 
hold in this generalized setting, but now in terms of contact volumes [TT] J 1 ! 

As shown in [E1EE2], a ver y useful perspective is to regard Sasaki-Einstein metrics as 
critical points of the Einstein-Hilbert action restricted to a space of Sasakian metrics, 
whose cones are by definition Kahler but not necessarily Ricci-flat. More precisely, 
on the space of Sasakian metrics whose cones admit a nowhere- vanishing holomorphic 
(3, 0)-form Q, with homogeneous degree three under the Euler vector field rd r , the 
Einstein-Hilbert action precisely reduces to the volume functional. This volume actu- 
ally depends only on the Reeb vector field, and a critical point hence determines the 
unique Reeb vector field for which a Sasakian manifold is also Einstein, provided such a 
metric exists. This allows one to extract important geometric information without hav- 
ing to know the Sasaki- Einstein metric explicitly. This is extremely useful since there 
are now many existence results for Sasaki-Einstein metrics (for a review, see [13]), with 
vast classes of examples not known explicitly. Notwithstanding this ignorance, one 
can still compute the volumes of these solutions by volume minimization [HJ [12] and 
compare them to BPS quantities in the conjectured dual SCFTs. 

As first suggested in [12], the determination of the Reeb vector field by volume min- 
imization corresponds to the determination of the R-symmetry of a four-dimensional 
M = 1 SCFT by a-maximization [14]. The procedure involves constructing a trial R- 
symmetry, which mixes arbitrarily with the set of global (flavour) Abelian symmetries, 
and imposing anomaly cancellation constraints. The correct R-symmetry at the in- 
frared fixed point is then the one which (locally) maximizes the trial central charge. A 
proof that the trial central charge function (appropriately interpreted) is equal to the 
inverse of the "off-shell" Sasakian volume function was presented in [15] for toric (that 
is, f/(l) 3 -invariant) Sasakian metrics, and very recently in [16] for general Sasakian 
metrics. 

^dn the Sasaki-Einstein case these contact volumes are equal to the Riemannian volumes defined 
by the metric. However, this is no longer be true in the general case with fluxes. 
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Since a-maximization applies in principle to every M = 1 SCFT, it is clearly de- 
sirable to extend the procedure of volume minimization beyond the Sasaki-Einstein 
case, to the most general supersymmetric AdS$ solutions of type IIB supergravity. 
This is one of the goals of the present paper. The motivation is the same as in the 
Sasaki-Einstein case: explicit solutions will form a very small subset of the space of 
all solutions, since finding them always relies on having a large amount of symmetry. 
On the other hand, one might hope that the development in this paper will eventually 
lead to existence results, say for toric AdS§ solutions with general fluxes; then volume 
minimization and the results of [HI [TT] will allow one to compute BPS quantities for 
these solutions. Following our previous work in these references, the approach we will 
take is to reformulate the backgrounds in terms of generalized geometry. 

We begin in section [2] by expressing the constraints imposed on the cone C(Y) by 
supersymmetry in a geometric form. After reduction on the Euler and Reeb vector 
fields rd r and £, we obtain a system of equations on a four-dimensional transverse 
space for a triple of orthogonal symplectic forms (uq, uj±, u; 2 ), a structure first studied 
in [17] . and two functions h and A. More precisely, the symplectic forms satisfy 

dui = Vie {0,1,2}, (1.1) 

uji Aojj = V i ^ j , (1.2) 

UJq A Uq = «i Wi A Wi = Ct 2 U 2 A UJ 2 7^ , (1.3) 

where a\ and a 2 are positive functions depending on h and A, together with the 
following differential conditions: 

ui = \C Hh u 2 , C Hh (C Hh uJi) = £n c _ 4A u 2 ■ (1.4) 

Here the notation = Uq jdh means the Hamiltonian vector field for the function h, 
with respect to the symplectic form oj . This differential system defines what we will call 
a " generalized Sasakian geometry."% In fact, there is in general also a special subspace 
of Y where h diverges and A is constant, along which the geometry is simply Sasakian. 
This "type-change locus" corresponds physically to the mesonic moduli space of the 
dual SCFT [HI [19] - for a Sasakian manifold £F is of course the whole space, rather 
than a subspace. Note that the set of conditions (jl.lj) — (jl.4| also gives a notion of 

2 Note that we have defined a generalized Sasakian structure only in dimension five. Indeed, the 
definition is primarily motivated by the supersymmetry equations we wish to solve. It might be 
possible to extend the definition to manifolds of general dimension 2n — 1, but we shall not comment 
further on this here. 
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" generalized Kdhler geometry'''' for the transverse space to the Reeb foliation, although 
we shall not use this terminology as the meaning is different to that already introduced 
in [20]. The upshot is that when such a generalized Sasakian manifold satisfies an 
additional condition on the lengths of the three symplectic forms, it precisely provides 
a general supersymmetric AdS^ solution of type IIB supergravity (with non-zero D3- 
brane charge). As we shall see, this additional condition is effectively the Einstein 
equation. 

In section [3] we explain how volume minimization works for generalized Sasakian 
manifolds. We show that the type IIB supergravity action reduces, when restricted to 
a space of generalized Sasakian structures, to the contact volume, and that the latter 
is then a strictly convex function of the Reeb vector field, as shown in appendix [B] It 
follows that a supersymmetric AdS§ solution that is in the same deformation class as 
a given generalized Sasakian manifold is obtained by minimizing the contact volume 
over a space of Reeb vector fields. As a concrete example, the critical Reeb vector field 
for which a toric generalized Sasakian manifold satisfies also the Einstein equation is 
obtained by minimizing the volume of a polytope, just as in the Sasakian case. 

However, in contrast to the Sasakian case, generalized volume minimization requires 
not the holomorphic (3, 0)-form, but rather the pure spinor Q_, which is a formal sum 
of one-, three-, and five-forms, to be homogeneous of degree three. This imposes 
additional constraints on the space of Reeb vector fields that is to be minimized over. 
Here, our current understanding of the space of Reeb vector fields for a deformation 
class of generalized Sasakian manifolds is not yet as developed as in the Sasakian case 
[HI [12]. We will nevertheless show in examples that this space is non-trivial, and that 
generalized volume minimization agrees with computations in dual SCFTs. In fact, 
we go further and make the natural conjecture that the volume function is equal to 
the inverse of the trial central charge of the dual SCFT, again checking this is indeed 
true in examples. As a very simple illustration we recurrently refer to a so-called 
transform" of C 3 = C(S 5 ) by a bivector 0, which is known to be dual to a certain 
marginal deformation of M = 4 super- Yang-Mills theory [2T1 [T9l 122] . In section H] 
we then study a new class of examples obtained by mass deformation of generalized 
conifolds C(L m,n ' m ) [231 123] - After making some physically motivated assumptions on 
the geometry, we verify in this class of examples the equivalence of generalized volume 
minimization and a-maximization. 
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2 Generalized Sasakian geometry 



We begin with a brief summary of generalized geometry, focusing on the results that 
are most relevant for what follows. We then proceed to study a pair of compatible 
generalized structures with pure spinors and Q + , on which the requirement of 
supersymmetry imposes the following differential constraints [25| [26]: 

dQ_ = , 

d(e- A Refi+) = 0, dd^-(e~ 3A Imfi + ) = 0. (2.1) 

Here the function A is a conformal factor, J_ is the (integrable) generalized complex 
structure associated with f2_, and = [J71,d]. If Q_ and Q + have the same length, 
with respect to the Mukai norm, then with the addition of an appropriate conical 
symmetry these conditions are equivalent to those for a supersymmetric AdS§ solution 
of type IIB supergravity [9]. However, relaxing this compatibility condition on the 
lengths of Q± will give us our definition of a generalized Sasakian manifold; in particu- 
lar, this definition reduces to the definition of a Sasakian manifold^ in the case without 
fluxes. The closure of f2_ implies that the cone is generalized Calabi-Yau, in the sense 
of Hitchin \X0\. The generalized Darboux theorem of [20] then allows one to locally 
put f2_ into a normal form. The second generalized structure Q + is instead related to 
the background fluxes. This structure is not integrable, but it nevertheless provides 
a symplectic structure on the cone. After reduction along the Euler and Reeb vector 
fields, the compatibility condition between Q_ and Q + leads to a system involving a 
symplectic triple on the transverse space to the Reeb foliation. More precisely, this 
is true away from a sublocus along which the generalized Sasakian structure in fact 
becomes Sasakian. The fluxes also satisfy a Bianchi identity, the third equation in 
(12. ip . which gives an additional differential constraint. 

2.1 Aspects of generalized geometry 

We first recall a few relevant facts about generalized complex geometry. We refer the 
reader to section 2 of [9] for a concise review, to [20J for an extensive mathematical 
introduction, or to the review [27] for physicists. 

A pure spinor flona manifold X, in the generalized geometry sense, can be under- 
stood as a formal sum of complex differential forms of even or odd degrees, on which 

3 Strictly speaking this gives a Sasakian manifold which is transversely Fano, as defined for example 
in [TJ. 
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the Clifford algebra action of a generalized vector field V — v + v e T(TX © T*X) is 
given by V ■ Q = djH + z/ A fi. More precisely, the even and odd forms of indefinite 
degree on a rf-dimensional manifold X are irreducible representations of the Clifford 
algebra Cliff (d, d) associated with TX @T*X , with even and odd chirality respectively. 
The annihilator space of Q is defined as L n = {V G T {(TX © T*X) © C) : V ■ ft = 0}, 
and then purity of Q means that L n is maximal isotropic, i.e. as a vector subbundle it 
has real rank 2d. 

We shall also require Q to be non- degenerate, in the sense that its Mukai pairing 
(Q, Cl) is nowhere zero on X. Here the bar denotes complex conjugation, and the Mukai 
pairing of two generalized spinors $ and \&, or equivalently indefinite degree complex 
differential forms, is the top-form ($, = [$ A A(*)] | top , where A(* p ) = (-l) [p/2] ^ p 
for a p-form, and [p/2] denotes the integer part of p/2. A non-degenerate pure 
spinor Q then has an associated generalized almost complex structure J . This is an 
endomorphism of TX © T*X with J 2 = —1, which is defined by identifying the +i- 
eigenspace of J with Lq. The condition dQ = V • Q, for some generalized vector field 
V, is equivalent to J being integrable. This means that is closed under the Courant 
bracket [ID] . If X is equipped with a non-degenerate closed pure spinor, dQ = 0, then 
X is called generalized Calabi- Yau in the sense of Hitchin P2]fl 

At any given point on X a pure spinor takes the general form 

n = e x a • • • a e k a e - fe+iw , (2.2) 

where the #j are complex one-forms and b, u real two-forms. The integer k is called 
the type of the pure spinor, at that point. For example, the holomorphic (3, 0)-form 
on a Calabi- Yau three-fold is a pure spinor that is everywhere of type three, with 
b = lo = 0. On the other hand, a symplectic form u gives rise to a pure spinor e luJ 
that is everywhere of type zero. In this paper we will want to replace the holomorphic 
(3, 0)-form on a Calabi- Yau three-fold by a pure spinor of type one on a dense open 
subset of X, but which perhaps changes to type three along a special sublocus - the 
"type-change locus" . 

We will be interested in manifolds with a pair of compatible generalized structures J- 
and J + . The compatibility condition means that the structures commute, [J-, J+] = 0, 
which can equivalently be expressed as J- ■ Q+ = 0, where the induced action of J- 
is via the Lie algebra action, or as V ■ Q+) = = V ■ Q + ) for all generalized 

4 Beware the existence of a different definition of generalized Calabi- Yau in [20. which requires two 
(compatible) integrable generalized structures. 
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vectors V. One also requires that J_ and J + define a generalized metric through 



G = -J-J+ , (2.3) 
which encapsulates an ordinary Riemannian metric g and a real two-form B: 

G = ( ^ l ) = ( 1 ° U ° ^ V 1 ° ). (2.4) 

Our conventions are that the 5-transform by a two-form B and the /^-transform by a 
bivector /3 act on a generalized vector V = v + z/ as 

e B V = ( 1 ° ) ( V ) = r , ■■(,,-vjB) . (2.5) 



B I \ u 



and 



e*V = ^ J i j f M = (* + iM + * , ( 2 -6) 

respectively. The spinorial actions on a pure spinor Q are then e B fi = (1 + -B + |-BA 
B + • ■ ■ ) A fi and e^fi = (1 + f3 + + • ■ ■ ) jfi. 

Finally, the Riemannian metric g obtained via (12. 3p and (12. 4p allows us to define 
the Mukai norm of Q (specializing now to d — 6) via 

||fi|| 2 = i(n,fi)/voljt , (2.7) 

where volx denotes the Riemannian volume form of the metric g. Similarly, g defines 
a Hodge star operator *, through which we may define the following norms: 

\Q\ 2 ee (fi,*A(fi))/voljr , |0|| ee |e B fi| 2 . (2.8) 

Example: the generalized structure of Calabi-Yau cones 

As a simple example, let us apply the above language to the familiar case of Calabi- 
Yau three-folds. Here X is equipped with a pair of compatible pure spinors f2_ and 
Q + given by 

n_ = Ci , 

fi+ = exp(iw) , (2.9) 
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where f2 is a holomorphic (3, 0)-form and u is the Kahler formjf] For example, taking 
X = C 3 , equipped with its flat metric, we have fl = dzi A dz 2 A dz% and corresponding 
Kahler form to — | Y^=i A dzj, where Zi, z 2 > ^3 are standard complex coordinates on 
C 3 . 

In this case both pure spinors are closed, df2_ = dfl + = 0, and thus the correspond- 
ing generalized almost complex structures are integrable. These are 

'--(;-)■ (2 - io) 

respectively, where / denotes the integrable complex structure tensor on X and u is the 
Kahler (hence compatible and symplectic) form. Indeed, the compatibility condition 
gives I* -oj = 0, which says that w is a (1, l)-form with respect to the complex structure 
/. From the expressions for J_ and J + above, we obtain from f)2.3p that 

g = , B = 0. (2.11) 

Finally, for a Ricci-flat Kahler metric, the Mukai pairings of the pure spinors are equal: 

£<n-,n-> = gOAn = ^ 3 = i<n + ,n+>. (2.12) 

Without this condition one instead has only a Kahler metric on a complex manifold 
with zero first Chern class. 

For application to AdS$ solutions of string theory, we are interested more specifically 
in conical geometries, as explained in detail in [9]. In the above context of Calabi- 
Yau solutions, this means that by definition the Kahler metric takes the conical form 
g = dr 2 + r 2 gy, with gy a metric on some compact five-manifold base Y, and that 
the holomorphic (3, 0)-form Q is homogeneous of degree three under the Euler vector 
field rd r . Such geometries solve df2_ = dQ + = with the definitions (12.91) . but not 
necessarily the equal norm condition (12.121) ; this implies that gy is a Sasakian metric. 
In fact, this is a slightly special Sasakian structure, since the general definition requires 
only that the cone is complex, not that its first Chern class vanishes. Notice, however, 
that Q + defined by (12. 9p does not have a well-defined scaling dimension, since the 
Kahler form u has scaling dimension two. Instead, the pure spinors associated with 
the Calabi-Yau cones appearing in the AdS/CFT correspondence take the rescaled 



5 The complex conjugation in £1_ = O is due to an unfortunate choice of conventions in the 
generalized geometry literature; an explanation may be found in [S], pages 10 and 11. 
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forms [9]: 




r 



) 



(2.13) 



This comes about because the ten-dimensional solutions of interest have the form 
AdSs x Y, which can also be viewed using Poincare coordinates as the warped product 
R 1 ' 3 x X where X = C(Y) = R + x Y and r is a coordinate on R + . Both pure spinors 
in (I2.13P are now homogeneous of degree three, and the resulting Riemiannian metric 
on X = C(Y) is conformal to the cone metric g above: gx = r~ 2 (dr 2 + r 2 gy\ Notice 
that gx here is homogeneous of degree zero, and in fact setting t = logr e (—00, 00) 
we see that gx is a cylinder over Y: gx = dt 2 + gy. The crucial difference after the 
rescaling is that Q + is no longer closed, and hence J+ is not integrable. This may 
sound peculiar, but these are the natural pure spinors associated with the geometry in 
AdS/CFT. Indeed, the lack of closure of fl + may be understood as due to the presence 
of background fluxes on the cone. In the Sasaki-Einstein case discussed in this example, 
only the five-form flux F5 is non-zero, and it is the presence of this non-zero D3-brane 
flux that obstructs the integrability of J + . 

In this paper we will study the generalization of the above geometric structure to 
the case where all the background fields of type IIB supergravity, including the I?-field 
and all the components of the Ramond-Ramond (RR) fluxes, are turned on. 

2.2 Generalized Calabi-Yau structure 

In this section we consider an integrable generalized complex structure J71 on a six- 
manifold X that is associated with a closed pure spinor Q_: 



According to Hitchin's definition [10], this makes X a generalized Calabi-Yau manifold. 
We will also choose Q- to be of odd type, such that over a dense open subset Xq C X 
it has type one. This is the lowest odd type possible, but at special loci the type may 
change to type three. As explained in [5], this is the case of interest for application to 
AdS§ solutions of type IIB string theory. We note that more generally f2_ will always 
have a least type k on X, taken over all points in X, and that the subset of X where f2_ 
has type k is then dense. For example, as already mentioned, a Calabi-Yau three-fold 
is everywhere of type k = 3. 



. 



(2.14) 
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In the remainder of this section we focus almost exclusively on the dense open set 
Xo C X where f2_ has type one. The limit points of X$ are then by assumption type 
three, and one can view these as imposing certain boundary conditions on the various 
type one objects on X Q that we study. In fact we shall not study these boundary 
conditions in detail here, since for our purposes it will be sufficient to know simply the 
local conditions on X , together with the fact that certain structures are in fact defined 
globally on X. 

The most general algebraic form for a closed polyform of type k = 1 is [20] 

with 9 a complex one- form and real two-forms. By the generalized Darboux 

theorem |20j, this structure is locally equivalent, via a diffeomorphism and a closed B- 
transform (12. 5p , to the direct sum of a complex structure of complex dimension one and 
a symplectic structure of real dimension four. More precisely, for any point in X there 
is a neighbourhood with a symplectic foliation that is isomorphic to an open set in C x 
M 4 , with transverse complex coordinate z = x + iy and real coordinates {xi, yi, a^, 2/2} 
on the symplectic leaves]^ The appropriate leaf-preserving diffeomorphism cp is such 
that the pull-back of the two-form U- to each leaf is the standard Darboux symplectic 
form Uq: 

V?*w_|R4 X {pt} = w = dxi A dyi + dx 2 A dy 2 ■ (2.16) 



The freedom to shift the exponent in (12.151) by a two-form whose weolge product with 
9 vanishes allows one to trade h_ for a closed two-form bo, and obtain_ 



<p* [9 A exp(-6_ + iw_)] = dz A e~ bo+iu10 . (2.17) 

We dispose of b by a closed I?-transform, and take the resulting polyform as the 
definition of f2_ in this open neighbourhood: 

= dzAe iU0 . (2.18) 

In the application to physics, the above closed 5-transform will also act on the compat- 



ible pure spinor Q + introduced in section [2T3| and will be reabsorbed into its definition. 



6 When we introduce the compatible pure spinor f2 + later, we shall see that there is another 
foliation by orbits of d z . In fact the latter will turn out to be a global vector field on X, not simply a 
local vector field in a neighbourhood of a point in Xq, and on Y this will reduce to a Reeb foliation 
(see subsection 12. 4. lj) . 

The reason for choosing the onii-holomorphic one-form dz is to align with the sign conventions 
in [9], cf. footnote 1 there, and footnote [5] here. 
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Notice that such closed 5-transforms are symmetries of the supergravity equations, but 
that globally only integer period closed B-transforms are symmetries of string theory. 

The generalized structure corresponding to (I2.18P combines a standard complex 
structure Iq on the complex leaf space with a symplectic structure on the leaves (recall 
the standard examples in f )2.10p ). In the coordinate basis {d z , d E , d Xl , d yi , ■ • • , dx2, d^} 
of (TX © T*X) ® C it is given by 



J- 



V 





2 


4 




2 


— T* 


-u 


4 



The two-form ojq gives an isomorphism between the tangent and cotangent spaces of 
the leaves, as u : (d Xa ,d Va ) h-> (dy a , —dx a ), a = 1,2, with inverse o;^ 1 : (dx a ,dy a ) !->■ 
(—9y a d Xa ). The group action of viewed as an element of 0(d,d), is 



J-{9z) 


= id z , 




= -id s 


J-{dz) 


= —idz , 


J-(dz) 


= idz , 


J-{d Xa ) 


= dy a , 


J-(dyJ 


= -dx a 


J-{dx a ) 




J-(dVa) 





(2.19) 



On the other hand, J_ may also be regarded as an element of the Lie algebra o(d, d), 
and the algebra action of J_ on differential forms is then defined via the Clifford action 



as J_ 



-T* 



u A 



with the bivector u 1 



d yi A d Xl + <),, , A d, 



Example: /3-transform of C 3 

Let {zi, Z2, Z3} be standard complex coordinates on C 3 , which is the complex struc- 
ture associated with the pure spinor 



n 



dzi A dz 2 A dz : 



3 • 



(2.20) 
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If we deform as in (I2.6P by a bivectoc 

P = Zl d Z2 A z 2 d zi + c.p. , (2.21) 
where "c.p." means the cyclic permutations of pairs of indices {1,2,3}, we obtain 

e 13 ^} = d(z 1 z 2 z 3 ) + dzi A dz 2 A dz 3 

/ dzi A dzo \ 
= d(z 1 z 2 z 3 )Aexp(—± - + c.p. . (2.22) 

V OZ\Z 2 J 

This deformed pure spinor is of type three on the locus \d{z\z 2 z^) = 0}, corresponding 
to the union of the three complex lines {zi = zj = | i,j = 1,2,3, i < j}, but is 
otherwise of type one as shown by the expression on the second line. 

We now assume that X = R + x Y, with Y compact, and introduce an appropriate 
homogeneity property under rd r , where r is a coordinate on WL + . For a Calabi-Yau 
cone, recall that the holomorphic (3, 0)-form is required to be homogeneous of degree 
three under rd r ; that is, C r Q r Q = 3Q. Following |9J, we thus similarly impose this 
condition on the polyform 

£ rdr tt„ = 3fi_ . (2.23) 

This gives in general separate conditions on each of the one-, three-, and five-form 
components of fi_. Note that this implies that rd r is generalized holomorphic, C r d T J- — 
0. Again following [9], we define the generalized Reeb vector £ = £ v + £f G T{TX®T*X) 
and the generalized contact form rj = r/ v + r] { E T(TX © T*X) as 

£ = J-(rd r ) , r, ee ,7_(dlogr) . (2.24) 

Here we have denoted the projections onto vector and form components by subscripts 
v and f, respectively. From the fact that the complex combination rd r — i£ is in the 



8 More generally, the deformation complex of a generalized structure on a complex manifold M is 
(& p+q= 2H p (M, A g Txfi). If M is a compact Calabi-Yau manifold, only H 1 (M, T^o), whose elements are 
ordinary complex deformations, is non- vanishing. There is therefore no bivector f3 g H°(M, A 2 T±fl) 
that can be used to deform it. However, as observed by Wijnholt [28], for Calabi-Yau manifolds X that 
are cones over regular Sasaki-Einstein manifolds Y with Kahler-Einstein base M, one can consider 
elements /? £ H°(M, A 2 T li0 ) and then holomorphically extend these over the entire cone to obtain a 
non-commutative deformation. In general, there might be obstructions in (B p + q= 3H p (M, A'T^o) to 
the integrability of such deformations. For the CP 2 base of C 3 , Gualtieri showed that the obstructions 
vanish |20]. 



13 



annihilator space Lq_ , it follows that f2_ has a definite charge under £ : 

= -3ifi_ , (2.25) 

and so £ is generalized holomorphic as well, £^J7L = 0. 

This homogeneity requirement leads to the following results, which for clarity we 
present as a proposition. Of course, these are to be understood as local expressions, 
defined in the coordinate patch in which f2_ takes the form (12. 18ft . 

Proposition 1. 

a) The complex coordinate z can be expressed in terms ofr, a real function h, and 
a phase if) as: 

z = rW^ , (2.26) 

with d r h = d r ip = 0. The latter mean that h and ip are pull-backs from (a neigh- 
bourhood in) Y. Moreover, h depends only on the symplectic (leaf) coordinates. 

b) The Euler vector field takes the form 

rd r = 3(zd z + zd z ) - H v , (2.27) 

where we define the Hamiltonian vector field H v = Uq jdy? which is tangent to 
the symplectic leaves, and the function if also depends only on the symplectic 
coordinates. 



The following proof is straightforward but somewhat technical, and may be skipped 
on a first reading: 

Proof. 

Consider the general ansatz dz = /iodlogr + i/i, with /xq a function and v\ a one-form 
such that rd r AV\ = 0. The one- form part of the homogeneity condition (I2.23j) is 

C rdr dz = 3dz , (2.28) 

9 We use the same symbol for the ordinary Lie derivative with respect to a vector field v € T(TX) 
and for the generalized Lie derivative with respect to a generalized vector field V = v + v G T(TX © 
T*X). We refer to [2] for a definition of the latter, which reduces to the ordinary Lie derivative when 
v = 0. In particular, Cartan's formula for the action on a differential form Q applies also in the 
generalized case: = d(V ■ fi) + V ■ dSl = C v fl + dv A Q. 
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which leads to 3i>i//xo = dlog(/io/V 3 ). Since rd r jv\ = 0, we can write /xo = 3r 3 e 3ft, e 31 ^ 
with h and ^ real functions, independent of r. But dz = d(rd r _idz)/3 = d/xo/3 and so 
z = /!o/3 + c = r 3 e 3h e 31 ^ + c, with c a constant which we may set to zero by shifting 
the origin of z. This proves a), except for the last statement that h is independent of 
z. 

To show b), notice first that it is clear from the condition (I2.28P and its complex 
conjugate that rd r has to contain the term 3(zd z + zd%). Now the three-form part of 
the homogeneity condition (I2.23p . dz A C r g r ujQ = 0, can only be satisfied non-trivially 
by a term of C r g r Uo proportional to dz A dz. But since the action of the Lie derivative 
on ojq will leave one symplectic component intact in every term, there is no such term 
in C r g r ij , and we must then have 

C rdr u = 0. (2.29) 

This fixes rd r up to a Hamiltonian vector field T-L^ tangent to the leaves such that 
T-L^-iUo = —dip, with d the exterior derivative along the symplectic leaves and (p = 
<f(z, z, x a , y a ) an arbitrary real function. 

To show that (p is independent of z, we use the homogeneity of Q~ under the 
generalized Reeb vector £, which in terms of generalized Darboux coordinates reads 

f = 3i{zd z - zd B ) + dip = d^ + dip . (2.30) 

This implies in particular that dz A d(d(p) = and so d(d<p) = 0, which means that 
locally we can write dip = dip, with (p = <p(x a , y a ). We can then set ip = (p. 
Similarly, the generalized contact form reads 

v = l d i og f_H h = dil>-H h , (2.31) 
6 z 

with the Hamiltonian vector field %h = UJ () 1 jdh. A priori, r\ contains an additional 
term Jq • dh, but the condition dz A (t) y jUo + dlogr — irjf) = from the fact that 
dlogr — it] annihilates f2_ gives dz A Jq • dh = 0, and so d z h = 0. The function h is 
thus a function on the symplectic leaves, h = h(x a ,y a ). □ 

2.3 Compatible structure of symplectic type 

We now introduce a second generalized structure J7+ on X, with an associated pure 
spinor Q + . As well as being compatible with 0_, we shall impose a series of conditions 
on this structure. Although these conditions appear directly in the supersymmetry 
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analysis of [9], here we shall explain why they are natural from a purely geometric 
point of view, and follow carefully the consequences of each condition. 

We require that J_ and J7+ are compatible, which means that they should commute 
and define a positive definite generalized metric via G = —J-J+. In the Calabi-Yau 
case given by (I2.13p . Q + is everywhere type zero. We assume that this holds more 
generally, and thus impose that 

Q+ = a + e~ b + +iul + , (2.32) 

with a + a nowhere- vanishing complex function, and b + , uo + real two-forms. As ex- 
plained in |9j , in the context of string theory solutions this assumption is equivalent to 
the background having non-zero D3-brane charge. 

The next condition we wish to impose is an appropriate homogeneity condition 
under the Euler vector field rd r . Recall that an ordinary metric on X = M + x Y is 
said to be conical if it is homogeneous of degree two under rd r , and moreover rd r is 
orthogonal to all tangent vectors in Y. Such a metric then takes the form dr 2 +r 2 gy. At 
the end of section I2TT1 we reviewed that in applying generalized geometry to AdSr, x Y 
backgrounds, the metric gx defined by the generalized metric ( 12. 4ft is conformal to the 
cone metric over Y, via gx = r~ 2 (dr 2 + r 2 gy). In fact this is the metric of a cylinder 
over Y, which is characterized by jC r dr9x — and rd r being orthogonal to the base Y 
of the cylinder. It is then natural to extend these conditions to our generalized metric 
as follows: 

C r9r G = 0, and G(rd r ) = e 2A dlogr , (2.33) 

with A a real homogeneous function of degree zero, C r g r A = 00 It is straightforward 
to show that these conditions are equivalent to the two-form B in (12 .4p being basic 
with respect to rd r , that is C r g r B = rd r jB = 0, and that the metric on X takes the 
form 

9x = e 2A + gy^j , (2.34) 

where gy is the metric on the compact space Y. Thus gx is in general conformal to a 
cylinder metric, with e 2A being an invariant conformal factor. The Riemannian volume 
form on X is, with a sign convention chosen to match that of [9], 

volx = —\fg~xd\ogr A d 5 y = -e 6A dlogr A voly . (2.35) 

10 The function A is related to the warp factor A and the dilaton <j> in [9] through A = A + 0/4. 
The presence of the dilaton is due to the transition from the Einstein frame <?e to the string frame 
g a , which is carried out by a Weyl rescaling 9a = e^ 2 5E . 



16 



The already-imposed homogeneity condition C r g r G = implies that J + must be in- 
variant under rd r . As for we may thus similarly impose the following homogeneity 
condition on Q + : 

C rdr Q + = 3Q + . (2.36) 

From a purely geometrical point of view, it would now be natural to impose that J + 
is also integrable. The manifold would then be generalized Kdhler, in the sense of [2D] . 
This is the case, for instance, in the topological string and in purely Neveu-Schwarz 
solutions of type II string theories - a short and highly incomplete list of references is 
[221 EDJ EI] ■ For general AdS 5 solutions of type IIB string theory, however, the presence 
of background fluxes on the cone is an obstruction to the full integrability of J + . As 
we pointed out in section I2.1[ this is true even for Sasaki-Einstein backgrounds. Thus 
integrability of J7+ is too strong. We instead impose the weaker differential conditions 

d(e- A Refi+) = 0, dd J -(e- 3A Imft+) = 0. (2.37) 

Here e A is a homogeneous function of degree one, C r Q r e A = e A , and d J ~ = [J-, d]. 

The first constraint in (I2.37P will ensure that the cone X is symplectic, as we shall 
prove further below. Clearly, this is a natural geometric condition to impose. The 
presence of the e~ A factor sets the homogeneous degree of this symplectic form to two, 
again as one wants for a symplectic cone. 

The second constraint in ( 12 . 3 7j) is physically none other than the Bianchi identity, 
d(e~ B F) = 0, for the so-called Ramond-Ramond fluxes of type IIB supergravity. These 
RR fluxes can be encapsulated in the odd polyform F = F\ + F 3 + F 5 , where F p is 
a p-form. From a geometric point of view, we simply define this polyform directly in 
terms of the imaginary part of Q + as 

e- B F = 8d J ~{e- 3A lmQ + ) . (2.38) 

Again, as part of the homogeneity conditions under rd r , we impose that the RR fluxes 
are basic with respect to the foliation defined by rd r : 

C rdr F = , rd r ^F = . (2.39) 

These conditions now explain the presence of e~ 3A in the definition (12.381) : its homo- 
geneity property is required to balance the degree three of fl + . 

For the five- form component F 5 , the basic condition implies that F 5 = / 5 voly, where 
a priori f 5 is a homogeneous function of degree zero. The final condition that we impose 
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is that fn is a (non-zero) constant. From the string theory point of view, this follows 
since in type IIB supergravity the full RR five-form is self-dual, and thus of the form 



f 5(^ol AdS + voly) . 



(2.40) 



The Bianchi identity is dF§ = H A F3, but the right-hand side vanishes since by 
construction H and F3 are three-forms on Y. Thus /s is necessarily constant. This 
constant is then necessarily non-zero if Q + is everywhere type zero, as we have already 
assumed, and as shown in Proposition [2] below. 

The above are the full set of conditions we shall impose. The motivation largely 
came from the fact that these conditions are implied by supersymmetry, as shown in 
[9] . However, hopefully the above discussion also motivates these as natural geometric 
conditions. As we shall see later, they are not quite the full set of conditions required 
for a supersymmetric AdS$ solution. In fact the structure we have now defined is 
in some sense the generalized version of Kdhler cones, and we analogously call the 
base Y a generalized Sasakian manifold. The following proposition summarizes the 
consequences of the above conditions, which also justify our use of terminology: 

Proposition 2. 

a) The function e A is related to the radial function r and the conformal factor A 



b) The generalized Reeb vector field £ preserves the generalized metric as well as the 



through 



re 



A 



(2.41) 



RR fluxes: 









(2.42) 



c) The cone is symplectic with symplectic form 




(2.43) 



where the contact one-form associated with the Reeb vector field £ v is 



a 



rji - r) v _ib 2 



dip + Hh-ib 2 , 



(2.44) 



with b 2 a closed two-form. 
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d) The pure spinor Q + = a + exp(— h + + iu + ) can be expressed as 

a + = -i^V A , (2.45) 
e 2A 

U+ = — u, (2.46) 
b + = e 2A d log r A 7] v joj + + b 2 

= -e 4A d log r A H h jw t + &2 • (2.47) 

/fere we have defined cut = dcr/2, which is the symplectic form on the transverse 
space to the Reeb foliation descending from u>. Notice that Q + being type zero 
implies that / 5 ^ 0. 

In particular, the vector part £ v of the generalized Reeb vector field £, defined via 
the integrable generalized complex structure J- in (I2.24p . is indeed the Reeb vector 
field for the contact structure induced by the symplectic form u on the cone. Thus Y 
is a contact manifold, and this contact structure is in some sense compatible with the 
generalized complex structure J-. The generalized Reeb vector field is also generalized 
Killing, C^G = 0. These properties all mimick those of Kahler cones, or equivalently 
Sasakian manifolds. We give some examples of these generalized structures in section 
EJ3 below. 

We now proceed to the proof of Proposition [2j This is again somewhat technical, 
and the reader might omit this proof on a first reading: 

Proof of a). 

The definition ( 12. 38 ft of the RR fluxes can be rewritten as [32] 

d(e A lmn + ) = -e 4A e- B *A(F), (2.48) 
8 

with X(F) = Fx — F 3 + F 5 . The Hodge star operator on X can be written as *F p = 
(— l) p FpjvoLx- Since F 5 = / 5 voly, the one- form part of (I2.48[) immediately gives 

d(e^Ima + ) = -^e 4 ( A - A )dlogr . (2.49) 
8 

Since e A and e A are homogeneous of degree one and zero respectively, we deduce that 
e A lma + = — 7r 4 , with 7 a constant. We set 7 = /s/32 by shifting A by a constant 
appropriately and obtain 

e 4A = r 4 e 4A ? i ma+ = -^r 3 e" A . (2.50) 

32 

The first equation establishes a), and the second will be used in the proof of d). □ 
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Proof of b). 

We first need to recall some facts about the grading defined by a generalized al- 
most complex structure on differential forms (see [H] for more details). A generalized 
structure J is equivalent to the canonical pure spinor line bundle U 3 generated by 
Q. Acting with elements of the annihilator space Lq of Q then defines the bundles 
jj3-k _ /\ k L Q which have eigenvalues ik under the Lie algebra action of J , that 
is J ■ U k = ikU k . A generalized vector acting on an element of U k gives an element of 
U k+1 © U^ 1 . When J is integrable, the exterior derivative splits as d = d + d, with 
8 : C°°(U k ) C°°{U k+1 ) and d : C°°(U k ) C^t/* -1 ). 

Now the compatibility condition [J-,J+] = can be rephrased as J_ • Q + = 0, 
or fi+ G U°. This implies that d(e" 3A Imfi + ) = (3 + <9)(e~ 3A Imfi+) G U 1 © U' 1 , 
and so we can write e~ B F = F 1 + F^ 1 G f/ 1 © U" 1 . Writing rd r = r<9+ + rd~ with 
rdf : U k ->■ C/ fe±1 , we get from r<9 r j(e- s F) = that rd+jF 1 = rfipjF -1 = 0. The Lie 
algebra action of £ on generalized spinors is given by £■ = J-{rd r )- = [J~--, rd r j]. We 
can then calculate 

Z-J..(e- B F) = J- ■ rdr^J- ■ (e~ B F) 

= \J_ ■ [(r<9+ + rS5T)j(F 1 - F" 1 )] 

= ij"_ • (rd~ jF 1 - rd+jF' 1 ) = 0, (2.51) 

where in the last step we used that rd~ jF 1 —rd^jF^ 1 G U°. Next, using the definition 
(01481) we get 

J_.( e - B F) = 8JL- JL -d(e- 3A Imfi + ) 
= -8d(e- 3A Imfi+) 

= 32e" 3A dA A Im fi + - 8e" 4j4 d(e A Im Q+) 

= 32e~ 3A dA A Im fi+ - e" B * A(F) . (2.52) 

Notice that we can write down two independent annihilators of Q+: 

(1 — \J + )rd r = rd r — ie 2A ?7 , 
(1 - iJ+)e 2A d log r = e 2A d log r - i£ , (2.53) 

and from the fact that these are null isotropic generalized vectors (see Appendix B of 
[9]), we obtain the useful relations 

£ v jdlogr = r/ v jdlogr = r<9, r j£ f = £ v j£ f = rd r ^T] { = Tfrjrjt = , 

£ v jr/ f + r] v ^ { = 1 . (2.54) 
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Acting on f |2.52j) with f gets rid of the left-hand side because of (12.511) . and acting with 
dlogr gets rid of the last term because rd r _iF = implies *\(F) = dlogr A • • • . Then 
using the annihilator constraint £ ■ Imf2 + = — e 2A dlogr A Ref2 + , we are left with 



(£ v jdv4) dlogr A Imfi H 







(2.55) 



from which we conclude, since the zero- form part of Imf2 + is non-zero by (12.501) . that 
£ v jdA = and so £ v jdA = 0. 

We are now in a position to show that Q + is invariant under £. Using the fact that 
the differential conditions for the real and imaginary parts of Q + combine into the 
complex condition 

i 



dlL 



dA A Q + + -e 3A e~ B * X(F) 



(2.56) 



we obtain 



(f • +ie 2A dlogrA) 



4e 3A e 



*A(F) 



2ie 2A dlogr A(dA-dA) Aft, 



. 



+ idlogr Ade 2 * A ft+ 
(2.57) 



This implies £gj7+ = 0, and since we already know that C^J- = 0, we conclude that 
the generalized Reeb vector field f preserves the generalized metric, C^G = 0, or in 
terms of the metric g and the two-form B, 







(2.58) 



Finally, using QZ3B), ( 12321) . (e 2A dlogr - if) • 0+ = 0, and d(e" A Reft+) = 0, we 



calculate 



Lp e 4yi e 



4A-B 



\{f)) = d[e-( 



e 4 V B * 



4d 



de 4A Adr" Ae" A Rea 



. 



(2.59) 



Then since £% v e A = C^e B = and C^ v g = 0, this leads to £% V F = 0, or equivalently 
C^(e~ B F) = 0. □ 

Proof of c). 

From d(e -j4 Ref2 + ) = 0, and the fact that Q + is homogeneous degree three imme- 
diately implies C r Q r a + = 3a + , we obtain 



Re a 



+ 



, d(e A Im a + tu^ 







db + A uj + 



. 



(2.60) 
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The second equation, combined with the fact that the Mukai pairing of f2+ is nowhere 
vanishing, (Q + ,Cl + ) = — (4i/3)|a+| 2 a;;j_ 7^ 0, implies that the two-form 

oj = e~ 2A r 2 cu + (2.61) 

is closed and non-degenerate, and hence symplectic. The justification for the presence 
of e~ A in the differential condition for Ref2 + is that it leads to a symplectic form 
oj which is homogeneous of degree two, as usual for a symplectic cone. We may thus 
globally write oj = d(r 2 cr)/2 for a real one- form a, called the contact form, which is basic 
with respect to rd r , rd r ja = rd r jda = 0. Comparison with the annihilator constraint 
rd r _ioj + = e 2A (rjf — r] v _ib + ) arising from (rd r — ie 2A r]) ■ Q + = leads to a = rjf — r] v _ib + . 
From (12.541) and the annihilator constraint (, v ->oj + = — e 2A dlogr, we obtain 

£ v ja = 1 , £ vJ da = , (2.62) 

as expected for a contact form a and its associated unique Reeb vector field £ v . 

It remains to show that i] v _ib + = i] v _ib2, with b 2 a closed two-form. The fact that 
( 12.531) annihilate fl + gives e 2A rj v _iu + = rd r _ib + and £ v -i&+ = £f> while the homogeneity 
of Q + under rd r and £ implies the conditions C r Q r b + = and C^ v b + = d£f. This allows 
one to write the general ansatz 

b + = dlogr Ae 2A ?] v ju + + b 2 , (2.63) 

where b 2 is a real two-form with rd r _ib 2 = and rd r _idb 2 = £ v -idb 2 = 0. Since 
7y v jdlogr = 0, this shows r] v _ib + = r] v _ib 2 . From the term in dlogr in db + A oj = 0, we 
get d(e 2A r] v _iOJ + ) A da + 2db 2 A a = 0, and contracting with £ v gives d& 2 = 0. 

Recall that in section 12.21 we performed a closed 5-transform of f2_ by 60 to put 
it into the product form (12.181) of a complex and a symplectic structure. This B- 
transform will similarly act on Q + , and we consider that 60 h &s been reabsorbed into 
the definition of b + , and more precisely in its closed part b 2 . □ 

Proof of d). 

Statement d) is obtained from fl230j) . f l2T60|) . <^M) , and fT233|) . 

Note also that the condition rd r Jo 2 = gives 3(zd z + zdz)Jo 2 = H v -ib 2 , while the 
annihilator constraint £, v -ib 2 = £f gives 3i(zd z — zdz)Jo 2 = dip, from which we conclude 
that b 2 can be expressed as 

b 2 = (d log r + dh) A j6 2 + d^ A d<p + ~b 2 , (2.64) 

where b 2 is the part of b 2 along the symplectic leaves defined by the J7~_ foliation. □ 
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2.4 Differential system 

In this subsection we derive the full set of conditions implied by the compatibility of 
J- and J +) as well as by the Bianchi identity in ( 12.37)) . The Reeb vector field £ v 
defines a foliation of Y, and one can reduces these conditions to a set of conditions 
on the leaf space/transverse space to this foliation. We will see that this amounts to 
a simple differential system for three orthogonal symplectic forms on this transverse 
space. The only supersymmetry condition in [9J that we have not imposed is the 
equality of the norms of f2+ and For Kahler cones, this condition is equivalent to 
the Einstein equation, and indeed directly leads to the Monge- Ampere equation in this 
case. Imposing this condition in the generalized setting thus leads to a supersymmetric 
A0IS5 solution, which in our terminology would be generalized Sasaki-EinsteinV\ 

2.4.1 Reduction 

Following section 4 of [9], we perform a local reduction of the six-dimensional cone to 
four dimensions with respect to the (generalized) Killing vector fields rd r and £. The 
pure spinors split as 

q = rV 3 ^ (dlogr - • e~ b2 Qi , 

0+ = r 3 (l + ie 2A d log r A 77-) e~ b2 Vt 2 , (2.65) 

where the reduced pure spinors Qi and ^2 are both of even type. We can immediately 
deduce that 

dcp = . (2.66) 

Indeed, f2_ has no terms in dlogr A dip, whereas given the form of b 2 in (I2.64p the 
right-hand side contains a term in dlogr A dip A dip. Recalling (12. 27ft and (I2.30p . we 
see that this gives 

rd r = 3(zd z + zd g ) , £ = £v = 3i(zd z - zd- z ) , (2.67) 

which means that the foliation determined by rd r and £ v coincides with the complex 
transverse space of the local foliation defined by Since by definition rd r and £ v are 
both global vector fields on X, it follows that d z is in fact also a global vector field on 
X; of course, initially it was defined only as a local vector field in Xq. Henceforth we 

11 Although here Einstein is meant to indicate that the Einstein equations of supergravity are 
satisfied, rather than gy being an Einstein metric, which in general it is not. 
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shall use the term foliation only with respect to the Reeb foliation defined by £ v , which 
is a global foliation of Y. The above comments also imply that b 2 = b 2 is & two-form 
on the four- dimensional transverse space to the Reeb foliation, or more precisely it is 
basic with respect to this foliation. 

The pair of reduced pair spinors turns out to be 

fij = 3e 3 V 2+iw ° , 

32 

where we have defined the symplectic form ojt on the transverse/local reduced space 
as 

u T = -da = -C Hh b 2 • (2.69) 
The corresponding generalized structures are 

-u Q - b 2 u b 2 b 2 u J y -e z ^u T 

The generalized structure J\ is integrable since we have dfii = 3d/i A 

The compatibility of J71 and J + reduces to the compatibility of J\ and J 2 [33J, 
which thus define a generalized metric Gt on the transverse space with the following 
transverse metric gx and B- field B^'. 

9t = e 2A o; T 6j 1 a;o , 

£? T = e^uxb^UT = —Uob 2 l ujQ — b 2 . (2-71) 

The compatibility condition Ji ■ Q 2 = is most easily analyzed by first performing a 
S-transform by —b 2 to put J\ in the standard symplectic form 

&2 Jie b2 =| ° Wfll ) . (2.72) 
-u 

The equivalent compatibility condition (e _f>2 J\Q b2 ) ■ e~ b2 fl 2 = then gives 

b 2 A Uo = b 2 A Ut = coo Alot = , (2.73) 
e 4A c4 = 6| - ul . (2.7 '4) 

Note that A = is already implied by b 2 A uq and the fact that ut = C-u h b 2 /2. 
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To obtain the physical RR fluxes, we need to undo the closed 5-transform by b 2 
that we performed at the very begin ning in section l2~2l to put into the local form of 
a complex/symplectic product (I2.18j) ] 12 l We then obtain the following explicit formulae 
for the fluxes: 

F x = -^(n h jCH h u T -n e ^b 2 ) , (2.75) 
e -(B-b2) F \ 3 = k[ aA C nh u T + 2(H h -U A )^ 2 T ] , (2.76) 



_fi 

The Bianchi identity d(e~ B F) = then gives a new condition: 



C Hh (C Hh uj T ) = Cn c4A b 2 . (2.78) 
2.4.2 Einstein condition 

By definition, the Mukai pairings (0_,0_) and (fi+,f2+) are nowhere-vanishing top 
degree forms on X, so they must be proportional: 

(0_,n_) = e f {n+,Cl + ) or ||^_|| 2 = e / ||0 + || 2 , (2.79) 

with / a real function independent of r; thus is homogeneous of degree zero under 
rd r . This leads to a corresponding relation between the lengths of ojt and ojq. The 
calculation here is again most easily carried out in terms of the reduced pure spinors. 
Because of the factor of e 2A in the decomposition of Q + , the proportionality condition 
( 12.791) becomes 



(fii.fii) = e'e 2A (fi 2 ,0 2 > , (2.80) 



which gives 
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e%Au = e 4A+f u T A uj t . (2.81) 



Note that combining this condition with the compatibility condition ( I2.74p we get 

2 

h 



b 2 A b 2 



1 + I ^ 1 



w A w , (2.82) 



12 



It is a curious fact that without this transform we obtain in particular e B F|s = 0. 
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which implies that 62 is also non-degenerate, and hence a symplectic form on the 
transverse leaf space to the Reeb foliation. 

Let us compare again with the standard Kahler setting. For a Kahler cone with 
metric g = dr 2 + r 2 gy and trivial canonical bundle, so that (Y, gy) is a transversely 
Fano Sasakian manifold, the equal norm condition (12. 79j) becomes 

^AH = ^-u 3 . (2.83) 
8 3! 

The Ricci-form is p = iddf and the Ricci scalar is then R = —Axf, where Ax denotes 
the Laplacian on X. When / is constant the Kahler metric is Ricci-flat and hence 
Calabi-Yau, which means that (Y, gy) is Sasaki-Einstein. Moreover, (I2.83P immediately 
leads to the Monge- Ampere equation for such a metric. We thus refer to the condition 
that / is a constant, which we can set to zero by rescaling, as the Einstein condition: 

f = 0. (2.84) 

More physically, adding this condition to the definition of generalized Sasakian geom- 
etry implies that our structure satisfies all the supersymmetry conditions for an AdS$ 
solution of type IIB supergravity [9] , and in particular the Einstein supergravity equa- 
tion. For such a solution, the physical dilaton is defined by the norms of the pure 
spinors through 

\\Q ± \\ 2 = h 6A ~ 2 * . (2.85) 

This allows us compute an expression for the volume-form on Y in terms of the contact 
volume. Using 

2 

: 4 I~ 12, .3 _ ; ( h\ „4Afijl„„„,,, jJ 



= -i-\a+\W + = -i ) e 4A r b dlogr A a A da' , (2.86) 



and volx = — e 6A dlogr A voly, this gives 



f 2 

voly = -^e" 8A a A da 2 , (2.87) 
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where A = A — 0/4, in agreement with equation (12) of [TT 
2.4.3 Symplectic triple 

We have now reduced our definition of a generalized Sasakian geometry to a simple 
differential system on the transverse space to the Reeb foliation of a contact manifold. 
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More precisely, this system holds on Y = X |{r=i}, the open dense subset where f2_ 
has type one. The compatibility condition, the Bianchi identity and the proportionality 
of the norms of the pure spinors boil down to a system of algebraic and differential 
equations for three transverse orthogonal symplectic forms and u 2 = b 2 : 

du, = Vie {0,1,2} , (2.88) 

Ui A Uj = V % ^ j , (2.89) 

which induce the same orientation: 

uj A u = cti LO\ A oji = a 2 uj 2 A u 2 nowhere zero , (2.90) 

where the positive functions are 

-l 

(2.91) 

This is called a "symplectic triple" in [17] and can be chosen as an orthogonal basis for 
the space A + of positively oriented two-forms on the transverse leaf space of the Reeb 
foliation. This looks very similar to a hyper-Kahler structure on this transverse space, 
except that the symplectic forms here have different lengths. In particular, this fact 
means that the almost complex structures constructed by combining two symplectic 
forms are not integrable. Thus there is no (natural) integrable complex structure 
on this transverse space. This is the key difference to Sasakian geometry, where the 
corresponding transverse space is Kahler, and hence in particular both symplectic and 
complex. 

The differential conditions are 

wi = -j£u h ui , C Hh {C Hh uJi) = C n ^_ iA u 2 , (2.92) 

where T-Lt = w _1 jd/i for the real function h and similarly for e _4A . 

Altogether, this set of conditions characterizes what we have called a generalized 
Sasakian structure, at least on the dense open subset Y C Y. As mentioned at the 
beginning, the type-change locus points that are limit points of Y in Y effectively 
lead to boundary conditions on the above structure, which degenerates at these limit 
points. We shall not analyse this in generality in this paper, but rather comment only 
in examples. Notice that, nevertheless, the contact structure and Reeb foliation are 
defined globally on Y. 
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To obtain a generalized Sasaki-Einstein manifold, we must also impose the Einstein 
condition, which is now particularly simple to state: 



/ = 0. (2.93) 
2.5 Example: /^-transform of Kahler cones 

For illustration, we now present an explicit class of examples of generalized Sasakian 
manifolds. There are two key points here. First, these give a large family of such ge- 
ometries that have varying Reeb vector fields and contain a generalized Sasaki-Einstein 
geometry (with / = 0) as a special case. Second, we will see that these are in a very 
precise sense generalizations of Kahler cones that are not Ricci-flat. Indeed, our strat- 
egy will be to perform a /3-transform of the complex and symplectic structures of a cone 
that is Kahler but not in general Ricci-flat. Perhaps the most important issue that 
our paper raises is to understand better this space of generalized Sasakian structures, 
or more pressingly the associated space of Reeb vector fields in a given deformation 
class. We will content ourselves here with showing that there are non-trivial examples, 
with non-trivial spaces of Reeb vector fields. This will be sufficient to show that the 
generalized volume minimization we define in the next section is indeed a non-trivial 
minimization problem in general. 

On C 3 one can consider a Kahler cone metric that is a cone with respect to the 
weighted Euler vector field rd r = X^=i ^i r A t > where the weights & G M + are the 
components of the Reeb vector field, £ = J2i^4>i- The holomorphic (3, 0)-form is 

Q = dzi A dz 2 A d^ 3 , (2.94) 

with standard complex coordinates Zi = exp(i0j), while the Kahler form is as always 
oj = (i/2)ddr 2 . A natural choice [13] for the Kahler potential in this case is r 2 = 
Y^i r i^\ which gives 



. 2/&-2 

J2 lo § r % A d0j = l ~Y^ Tj -p2-tei A dzi . (2.95) 



We then have 



- QA Q = e'— , (2.96) 
where the real function / is given by 

= ei^-^rj- 1 ^;- 1 / 6 • (2.97) 
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Note that the homogeneity condition C r d r Vt = 3f2 implies that £1 + £2 + £3 = 3. 

After a /3-transform (I2.6P by (3 = 7(9^ A + c.p.) on the associated pair of pure 
spinors (I2.13P (multiplied by 1/8 to agree with conventions in |9J) we get 



e^ 



7 



d(ziz 2 z 3 ) A exp 



-1— exp 



1 dz\ A dz 2 

37 z x z 2 

2/& 2/6 



+ c.p. 



-Co' 



7 



r 



r 



2c2 
2 



£i 2 £ 



-dlogri A dlogr 2 + c.p. 



(2.98) 



The exponent of e^VL_ can be put in the generalized Darboux form by shifting by a 
two-form proportional to d{ziz 2 z 3 ). This gives 



z 
b 



l Zl Z 2 Z 3 = 2 rir2r3e i(*i+^+03) 



dx\ A dyi + dx 2 A dy 2 



£166 
3 7 



dxi A dx 2 + 
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£i£ 2 £: 



■dyi A dy 2 



(2.99) 



with the symplectic coordinates 

1/6 



X'2 



log 4 



,1/6 



log^ 



2/1 



2/2 



£i£2£3 


f</>3 


02 


37 


V£ 3 


£ 2 


£i£2£3 


(<h 


03 


3 7 




£ 3 



(2.100) 



The two-form b 2 is the difference of the part of b + that is independent of r, which we 
call b 2 , and bo'- b 2 = b' 2 — bo- 

We can obtain the contact one- form, and so ujt = da/2, by contracting uj in (I2.95j) 
with the Euler vector field: 



a 



2/£< 



£«r 2 



(2.101) 



It is then straightforward to verify that the generalized Sasakian conditions hold for 
all values of the Reeb vector field £, namely the orthogonality of the three symplectic 
forms and the relations between their lengths. The condition C-^ h b 2 = da is satisfied, 
and the Bianchi identity is trivial since A = 0. However, the Einstein condition does 
not hold in general, and we rather have 



|e^_ 



(2.102) 
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3 Volume minimization 



In this section we show that the Reeb vector field for a generalized Sasaki-Einstein 
manifold is determined by a (finite-dimensional) variational problem on a space of gen- 
eralized Sasakian manifolds. Given that generalized Sasaki-Einstein manifolds provide 
solutions to type IIB supergravity, the relevant functional to minimize is an action 
whose Euler-Lagrange equations are the equations of motion for the type IIB bosonic 
fields on the five-dimensional compact space Y. We then rewrite this functional in terms 
of pure spinors and show that, when restricted to a space of generalized Sasakian s, it 
reduces to the contact volume (corresponding to the central charge of the dual SCFT). 
This result is precisely analogous to that in [8], and indeed generalizes it. 

3.1 Supergravity action 

In this section we construct an effective action for the bosonic fields on Y in a type IIB 
AdS 5 background. That is, the Euler-Lagrange equations for this action give rise to 
the equations of motion satisfied by the fields. The latter include also the warp factor 
A, which is effectively a scalar field on Y. 

Type IIB supergravity describes the dynamics of a ten-dimensional metrij^l g^, 
dilaton 0, B-field with curvature H = dB, and the Ramond-Ramond potential C = 
C + C 2 + C 4 with field strength F = F t + F 3 + F 5 = (d - HA) C. As already 
mentioned, the five- form has the particularity that it is self-dual: *io-Fs = F$. In terms 
of the convenient fields 

P x = VdCo + ^d0, Q x = -±e+dC , G 3 = -ie^Fs-e-^H , (3.1) 



the equations of motion for the bosonic fields read 

Rmn — -RgMN = PmPn + PnPm ~ 9mn\P\\ 2 



2 



+ g{( J MP 1 P 2 ( ^N + ( ^NP 1 P 2 ( ^M ) ~ ^9mn\^3\ 



L P p P1P2P3P4 

-T—-FmP 1 P 2 P3P4 P N 
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n r>AI _ n syMN P 

L>Mr — — — Lrj\/ArpLr 



Dp QMNP = p pG *MNP _ l _ F MNP lP2 P 3G ? (3 2) 

6 



13 



The subscript indicates Einstein frame. 
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where for a (complex) p-form A p we write 

I A |2 — 1 „AfiJVi n MpN p A A (I "X\ 

\ A p\ = —,9 ■■■9 P ^Mi-Mp^JVi-AT p • 1<J-<JJ 

The covariant derivative -Dm, with respect to local Lorentz transformations and local 
£7(1) transformations with gauge field Qm, acts on a field A p of charge q as 

DaMp = (V M - igQ^Mp • (3.4) 
Here P has charge 2 and G charge 1. 
3.1.1 A five-dimensional action 

We are interested in the field equations for the class of backgrounds that consist of the 
warped product of AdS$ and a five-dimensional compact manifold Y: 

gE = e 2A (g A ds + 9y) , or g MN = e 2A + g mn ) . (3.5) 

The metric on AdS§ is normalized so that the Ricci tensor is R^ u = —4^, which gives 
RAds — — 20 for the Ricci scalar. In order to preserve the SO(4, 2) symmetry of AdS^, 
all the fields are restricted to being pull-backs of fields on the internal space Y, with 
the exception of the five-form field strength, which satisfies the Freund-Rubin ansatz 
(I2.40p . given in components as 

Fmnpqr = IMuXpa "T £ mnpqr ) • (3-6) 

In particular, A in (I3.5P is a function on Y. 

Let us first analyse the Einstein equation in (13. 2\\ . Recall that under a Weyl rescaling 
g = e 2a g in D dimensions, the Ricci tensor and the Ricci scalar transform as 

Rmn = Rmn + (D-2) [-V M d N a + d M ad N a} 

-[V 2 a + (D-2)\da\ 2 }g MN , (3.7) 
R = e - 2a [R-2(D -l)V 2 a- (D -2)(D -l)\da\ 2 ] , (3.8) 

where V denotes the Levi-Civita connection for g, and the indices are contracted with 
g. Defining g = gAds + gy we then have Rmn = R^v + Rmn, and the Ricci scalar is 
R = RAds + Ry- The Freund-Rubin ansatz (I3.6P gives 

F MPlP2P3Pi F N P ^ p ^ = A\fl(-g uu + g mn ) . (3.9) 
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Using the above formulae, the Einstein equation then splits as 



-4A 



10 + 8V 2 A + 28|dA| 2 + |Px| 2 + ^HG 3 | 2 + 6 /s 



R 



mn 



8(V m <9 n A - d m Ad n A) + P m P* + P m P* 



9tiv 



-4A 



-4A 



10 + V 2 A + 28|dA| 2 + \P±\ 2 + 



|G 3 | 2 



e" 8A /| 



which gives the Ricci scalar on Y 

Ry = ^ + ^(8V 2 A + 37|dA| 2 ) + 2|P 1 | 2 -^|G 3 | 2 -^- 8A / 2 . (3.10) 
The compatibility of the two parts of the Einstein equation requires 



-4A 



e" 8A /; 2 



|G 3 | 2 + 



-4 



V 2 A + 8|dA| 



(3.11) 



8 1 - 4 

For later reference, note that multiplying the right-hand side by e 8A and integrating 
by parts over Y gives zero, and so we havd_^ 



d 5 yy/g~Ye 



8A 



-4A 



-8A f2 



|G 3 | 2 + 



4 



-4 



. 



(3.12) 



The equations for Pi and G 3 can be rewritten as 

„-4A 



- 8A D m (e 8A P m 
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-8A 



e- SA D p (e 4A G mnp ) = e- AA P p G* mnp - i—^-fee mnpiP2P3 G piP2P . A 



In terms of the real fields this reads 



V m fe 8A+2 *5 m Cn 



V m (e 8A «9 m < 



V p (e 4A+0 F mnp ) 



e 4A+<)!. 



- 1 mnp 11 ; 



8A+20I pi |2 , 1 4A+^|p ,|2 _ 1 4A-0IU-I2 

2 11 2 11 



/b 



mnpip2P3 



P1P2P3 > 



V„(e 4A -^ mnp ) = e 4A+</, 9 p CoF mnp + 4^ 



mnpip 2 P3 



6 



P1P2P3 



(3.13) 

(3.14) 
(3.15) 
(3.16) 
(3.17) 



14 This result can also be obtained by imposing the equation of motion for G3, or by combining the 
equation of motion for the warp factor A and the Einstein equations. 
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All of these equations of motion can be derived from the variation of the following 
effective action on 

Sub = ^d 5 ^e 8A (i? y -2O + 72|dA| 2 -i|d0| 2 -ie- 4A ^|^| 2 



.Ie^|F 1 | 2 --e- 4A+ ^|F 3 | 2 + - 
2 2 1 1 2 



+/ 5 / HAC 2 . (3.18) 



Y 



This is the action with which we shall work. Notice in particular the final Chern- 
Simons-type term. 

3.1.2 On-shell action and central charge 

We will now show that our action Sub reduces on-shell, that is when supersymmetry 
and the equations of motion of type IIB supergravity are imposed, to the general 
formula in [35] for the inverse central charge of the dual SCFT. For a supersymmetric 
solution, this is the contact volume of Y, as shown in [9j [TT]. In the latter context 
notice that going on-shell corresponds to imposing the generalized Sasakian conditions 
as well as the Einstein condition. This is therefore stronger than the restriction to 
generalized Sasakian manifolds, which is appropriate for our variational problem. We 
will see how to implement this in the next subsection. 

When the metric is on-shell, that is when we impose the Einstein equation and 
hence (I3.10p . the action reduces to 

Sniffy on-shell) = J dV^ 8A (f - ^T 4A |G 3 | 2 - ^" 8A / 2 ) + f 5 J H A C 2 . 
The Chern-Simons term can be rewritten on-shell as 



y JY 



h 

2!3! 



~ j Y d 5 y^e 4A+ ^ p C mn F mn P , (3.19) 



2 

where the second equality uses the equation of motion (13.161) contracted into C mn . On 



15 Notice that to obtain a canonical Einstein term ^fg'R' , one has to rescale the metric as gy — 

e -16A/3 5 /_ 
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the other hand, we have 

e 4A |Gf = e 4A+ *|F 3 | 2 + e 4A -*|tf| 2 

p 4A+</> 

(~i T^mnp /~i _ rp rrmnp 

" V m ( - y np- r ^0 g ^mnp-" 

+2e SA+2 *d m C d m C - 2V m (e 8A <9 m 0) 
= e 4A+ *V m C np F mn ? + 2V m [e 8A (e^C d m C - d m <j>)] , (3.20) 

where we have used (13.151) in going from the first line to the second, and (I3.14p from 
the second to the last. When integrated over Y, the total divergence vanishes so that 
the Chern-Simons term gives on-shell 

f 5 J^HAC 2 = ^dV^^|G 3 | 2 . (3.21) 

Using also H 3 . 1 2 1) we obtain 

S UB (on-shell) = 8^ d 5 y^e 8A . (3.22) 

For a super ■symmetric solution we now also have (I2.87p . and hence obtain the result 
that the supersymmetric on-shell Sub is proportional to the contact volume of Y: 

Sub (on-shell) = -— / a A da A da . (3.23) 

16 J Y 

3.2 Restriction to generalized Sasakian manifolds 

In order to set up the variational problem, we would like to obtain an expression for 
Sub when it is not necessarily fully on-shell, in the sense that the generalized Sasakian 
conditions are imposed but the Einstein condition is lifted. This is analogous to the 
(two rather different) computations of the Einstein-Hilbert action restricted to a space 
of Sasakian metrics in [HI H2], and indeed generalizes these computations to general 
backgrounds with all fluxes activated. Following the latter references, we first need to 
rewrite Sub as an integral over a finite segment of the six-dimensional cone X, and 
express the integrand in terms of the pure spinors fl±. 

Before starting the computation, we should begin by clarifying how we relate the 
fields in the action (I3.18P to the generalized Sasakian structures we have defined in 
section [2j A generalized Sasakian structure involves choosing compatible pure spinors 
Q± on the cone X, and these in particular then define a Riemannian metric gx of the 
form (I2.34p and B- field that is basic with respect to rd r , thus leading to a metric gy, 
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B- field and scalar function Aon7. The RR fluxes F are then defined in terms of the 
generalized structure via f l2.38jl . Since the Bianchi identity d(e~ B F) = is part of our 
definition of generalized Sasakian structure, we may hence introduce RR potentials C. 
This then defines all the quantities in the action f 1 3 . X 8 [) . except for the warp factor A 
and dilaton 0. Instead the generalized Sasakian structure gives us a function A; we 
shall give the relation between these functions below. 

We also make some mild topological assumptions, which conveniently bypass some 
of the subtleties involved in defining integrals of forms that are not gauge invariant^ 
It is convenient to assume that b\(Y) = 0, so that F\ = dC*o holds for a globally defined 
potential Cq on Y. This is a necessary condition in the Sasaki-Einstein case, by Myers' 
theorem, and every known supersymmetric AdS$ solution also satisfies this condition. 
Without this assumption, one has to be a little more careful about global issues in the 
integrations by parts that will follow. In fact we have tacitly already assumed that the 
.B-field is a globally defined two-form in writing the original supersymmetry conditions 
in the form (12.11) . This is in fact a mild assumption, since in [9] it is shown that 
the differential form H is always exact for any supersymmetric AdS^ solution. More 
precisely, it was shown there that the quantity B — b 2 , which is what we shall integrate 
by parts below, may be expressed in terms of globally-defined spinor bilinears. This 
leaves the possibility of adding to B a discrete torsion 5-field, which we shall again 
suppress. In any case, as we have defined a generalized Sasakian structure, B is a 
globally defined two-form on Y, since both Q± were defined as global differential forms. 
More generally there can also be a topological twisting by a gerbe, on which B is a 
connection - we refer to [9] for a more detailed discussion in the current context. A 
similar comment applies also to the RR potential C 2 - see the discussion in section 3.1 
of [9]. Of course, we are then only interested in generalized Sasakian structures with 
these global properties also, since a continuous deformation of such a structure cannot 
change the topological class of these objects. 

We begin by rewriting the Chern-Simons term. By a succession of integrations by 
parts, bearing in mind the above comments that Co, B and C 2 are all global forms on 
Y, we obtain 

f 5 J^HAC 2 = f 5 J^ B - b ^F\ 5 -F 5 -^d[C (B-b 2 ) 2 ] . (3.24) 

The integral on Y of the exact term vanishes on using Stokes' theorem and the above 

16 This is really just to avoid such issues entirely; we do not believe the following assumptions are 
necessary. 
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global comments. Using also the formulae F 5 = fevoly and e ( B b2 ^F\ 5 = — (f 5 /2)a A 
u \ = (16// 5 )e 8A voly from (1X771) and (1X871) . we get 

hj^HACz = J (l6e 8A - fl) vol y . (3.25) 

This agrees with the calculation (18) in [11J0 Inserting this form of the Chern-Simons 
term into Sub then gives 

Sub = ^d 5 ^e 8A (i? y -4 + 72|dA| 2 -l|d0| 2 -^e- 4A ^|i/| 2 

_I (e^lFil 2 + e- 4A+ ^|F 3 | 2 + e" 8A / 5 2 ) ) . (3.26) 

We now want to write the action Sub, expressed in (13 . 1 8[) and (13.261) in terms of 
the warped metric e 2A gy, as an integral on the cone X with metric gx, or rather its 
truncation at r = 1, Xi = [0, 1] x Y. The metrics on X and Y are related through 
(12.341) . which we repeat here for convenience 

9x = e 2A r" 2 (dr 2 + rV) . (3.27) 

Note that the metric #e in (13. 5ft is in the Einstein frame, whereas in the application 
of generalized geometry to type IIB the metric gx is in the string frame. The two 
are hence related by the Weyl rescaling, gx = e^ 2 ^ which introduces the dilaton <\>. 
This then implies A = A + 0/4, relating the generalized Sasakian function A to this 
particular combination of the physical fields A and <fi. Using that r 2 Rx = Ry — 20 for 
a metric gx = dr 2 + r 2 gy, and performing a Weyl rescaling by e 2A r~ 2 , we get 

R Y - 20 = e 2A ^ x + 10V 2 A-20|dA| 2 -20e- 2A j . (3.28) 

The functional can now be written as an integral over X±: 

Sub = Q[ r 6 drd 5 ^e 4A ^(i?x-^| 2 -16e- 2A 

+ 12|dA| 2 - 16dA ■ d(p + 4|d0| 2 - ie 2 *|F| 2 ) , (3.29) 

17 Remember that in string theory the five-form flux F5 + H A C2 is quantized: 

J^F 5 + HAC 2 = (2nl s ) 4 g s N . 

Since F5 + H A C2 = dC\, the potential C4 is an example of a necessarily non-globally defined RR 
potential. This is true of course even in the Einstein case. The vanishing of the integral of the exact 
term in (|3.24j) implies that e~^ B_f,2 ^F|5 satisfies the same quantization condition. 
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where \F\ 



\F 1 \ 2 + \F 3 \ 2 +\F 5 



A general formula appeared in [36] for the combination Rx — H 2 /2 of the Ricci 
scalar on X and the kinetic term of the iiZ-flux. Here the latter are defined via the 
generalized metric (12. 3p associated to a pair of compatible pure spinors $ and \1/ with 
equal norms, ||$|| 2 = ||^|| 2 - In our notation the expression in [36] readd_ 



Rx — ~zH 



32e 2< ^ 



-6A 



|d$ 



2 , 2A 
B + e 



|d(e" 



Re^)|| + e- 2A |d(e A Im^)|| 



+32 



(*,d$> 



vol 



+ 32 



vol 



+28dA 2 + 4d0 2 - 20dA ■ d<p + 10V 2 A - 4V 2 



(3.30) 



1 2 

where the one-forms 



+4(d0 - 2dA) ■ « + <) - 2V m « + <) m + 4 [«) 2 + (4) 2 ] 
' 2 + w^ ,2 )dx m can be expressed as 



u. 



u, 



( 7 ^,d$) | A ( 7 ^,d(e- A Ite^)) 
A <*7* d(e-*Re¥)) 



2($,$) 



+ e 



(3.31) 



^|| 2 = |e 6A - 2 ^, as in 



2($,$) ' ' 

Here the norms define the combination of functions ||$|| 2 
( 12.85P which holds on-shell, and we have defined (omitting the Clifford map slashes) 

7 £* fc = e- B ( 7m e B $ fc ) = 



- B [(dx m A+g mn d n ^)e B <S> k } 



$ fc7 * ee e- B (e s <D fc7m ) = (-l) k e- B {(dx m A-g mn d n Je B $ k ] . (3.32) 



Now recall that without imposing the Einstein condition ( 12. 84ft our pure spinors Q± 
do not have equal norms, but satisfy instead ||fi-|| 2 = e^||f2 + || 2 . We thus choose 
$ = e~f/ 2 n_ and = The pure spinor $ is not closed, but nevertheless defines 
an integrable generalized almost complex structure since 



d$ = --df A $ . (3.33) 

Note that whenever $ is integrable, the second line in ( 13.301) vanishes by compatibility. 

When the differential constraints (12. ip on Q± are taken into account many terms 
cancel and we are left with 

R x -\h 2 = -ie 2 *|F| 2 + 28|dA| 2 + 4|d0| 2 -2OdA-d0 + lOV 2 A-4V 2 



+ (4dA - 2d0) ■ df + V 2 / 



(3.34) 



18 There is a typographical error in (C.3) of [35]: the term +22(cL4) 2 should read +28(d^) 2 . We 
thank Luca Martucci for communications about this point. 
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As a check on this result, consider the case where Y is Sasakian, rather than generalized 
Sasakian, so that X is Kahler. In this case A = <p = H = 0, F = 4voly, and this 
gives the correct result that Rx = 20 + V 2 /, where / is the Ricci potential for the 
corresponding Kahler cone metric|^£ 

In the expression for Sub in (I3.29p the Ricci scalar is multiplied by e 4A ~ 2< ^ and 
integrated over X\. The integration of V 2 / over r can be performed trivially since / 
is independent of r, and then integrating by parts we see that the second line cancels. 
Similar cancellations also happen after integrating the Laplacians of A and and we 
are left with 

S im = 6 J r 6 drd 5 y^e 4A ^ (24 e - 2A - e 2 *\F\ 2 

Using the expressions (12. 75j) for the fluxes and the generalized Sasakian conditions, we 
find 



|F| 2 = 16e 8A e~ 1UA (3.35) 
, /|e- 4A 



4vol 



x 



-dlogr Ad^Ad 



e 4A 

— (uj t A "H e _4A M - H h j(u) T A C Hh u T )) 



The second term produces an exact term in Sub, which vanishes on using Stokes' 
theorem when integrated over Y. In fact this step, although correct, is a little cavalier: 
notice that the above formula is really valid only on the dense open set Y C Y where 
the integrable structure is of type one. Thus strictly speaking we end up with an 
integral over an infinitesimal boundary around the type-change locus after applying 
Stokes' theorem. One can then check that the integrand is smooth as one approaches 
the type-change locus and thus this integral is indeed zero. To see this, we note that 
the three-form in square brackets in (I3.35P may be rewritten as 

e 4A / 4 



| ^cj t A — F x - {U h ju T ) A C Hh 0J T \ . (3.36) 

From the form of Q + given in Proposition [2] d), which recall is a global polyform on 
X, we see that e A and T-Lh-ioor are in fact everywhere smooth on Y. Moreover, ojt lifts 
to a global smooth two-form on Y, since it is dcr/2 with a the contact one-form. This 
demonstrates that the above three-form is in fact a smooth three- form on Y, not just 
on Yq. On the other hand, certainly the function h itself diverges along the type-change 
locus. 



19 The factor of 20 arises here because Rx is the Ricci scalar not of the Kahler cone metric, but 
rather of the corresponding cylindrical metric that is related to it by a conformal factor of r 2 . 
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We thus finally obtain that for generalized Sasakian manifolds, the action functional 
is proportional to the contact volume: 

Sub = 8^_dV^e 8A = J a A da A da . (3.37) 

This allows us to define a functional Z which is the action Sub restricted to a space 
of generalized Sasakian manifolds, normalized such that it gives exactly the contact 
volume of Y divided by the volume of the round metric on S 5 : 



Z = ~ ,9 S- ffrffllgen, Sasakian — ~ j9 5 / d 5 y-v/gye 8A 

/5 71 " Ji* Jy 



1 f 1 F ^ 

a A da A da = _ / a A ^ . (3.38) 



8vr 3 Jy tt 3 J y 2! 

Defining the contact volume of a (2n — l)-dimensional manifold Y 2n ~ l whose transverse 
space carries a symplectic form ujt by 



Vol^F 2 - 1 ) = / ^A-^— , (3.39) 

J Y 2n-l [n — 1J! 



n-1 



we can simply write 



Z = ■ (3.40) 



Vol(5 5 



Note that in the case of Sasakian manifolds, for which the warp factor vanishes, A = 0, 
the notion of contact volume coincides with the ordinary notion of Riemannian volume, 
so for instance Vol cr (S' 5 ) = Vol(5' 5 ). 

3.3 Volume minimization: summary 

We are now in a position to outline the procedure of volume minimization for general- 
ized Sasakian manifolds. 

In the previous section we have shown that the action ( 13.181) for a space of su- 
pergravity fields on Y, restricted to generalized Sasakian structures, is precisely the 
contact volume Z. The contact volume, in turn, depends only on the Reeb vector field 
£. A general proof of this statement, which supersedes the proofs in may be found 
in appendix [B] The Reeb vector field £ for which a generalized Sasakian manifold is 
also Einstein is then a critical point of the contact volume Z = Z(£) over the Reeb 
vector fields of a space of generalized Sasakian structures. As also shown in appendix 
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[HI Z is strictly convex, and thus such a critical point is necessarily a minimum. Pro- 
vided we work within a deformation class of generalized Sasakian structures, implying 
that the space of Reeb vector fields we are minimizing over is path-connected, then 
this minimum will be a global minimum. Clearly, all these statements generalize the 
results of [8] to general supersymmetric AdS§ solutions of type IIB string theory, with 
the only constraint being that the background has non-zero D3-brane charge. 

The key technical difference to the Sasakian case, which is currently also a deficiency, 
is that we do not yet have a good understanding of the deformation space of generalized 
Sasakian structures, and thus the corresponding space of Reeb vector fields over which 
we are to vary Z(£). In the final part of this paper we shall make some reasonable 
assumptions about this, based on physical arguments in some particular examples, 
and show that the geometric result above indeed then agrees with the field theory 
a-maximization computation. It should be noted, however, that even in Sasakian 
geometry there is currently no general understanding of the deformation space. In fact 
a global picture may not even be necessary, depending on what one wants to show. For 
example, one of the motivations for [8] was to prove that the on-shell Z is an algebraic 
number, since this is a definite prediction of a-maximization in field theory. As pointed 
out in [TT], this follows in the general case for quasi-regular Reeb vector fields, which by 
definition generate a U(l) action on Y, since then the on-shell Z is a rational number, 
again as expected from field theory. What about irregular critical Reeb vector fields? 
Since the Reeb vector field also generates an isometry, and the isometry group of Y 
is necessarily compact, it follows that such a Reeb vector field lies in the Lie algebra 
t of some torus T of rank at least two that acts isometrically on Y. If we assume 
that there is at least a one-parameter family of deformations of generalized Sasakian 
structures away from such a critical point, with Reeb vector fields defining a curve in 
t, then the Duistermaat-Heckman formula for the contact volume in [8] implies that 
the critical Reeb vector field is algebraic, and hence that is also algebraic, as 

desired. To see this, one notes that there is then always a nearby generalized Sasakian 
structure with Reeb vector field £o that is quasi- regular, and thus one can apply the 
Duistermaat-Heckman formula to the total space of the associated complex line bundle 
over the orbifold Y/U(1)q, where £o defines the action of U(1)q on Y. This formula is 
then a rational function of the Reeb vector field with rational coefficients determined 
by certain Chern classes and weights, and thus setting its derivative to zero will give 
polynomial equations for with rational coefficients. We refer to [8] for the details. 

In fact the only case over which there is complete control is the case of toric Sasakian 
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structures. In this setting the original paper of [12J provides a complete description. It 
is worth contrasting this situation with the corresponding case in generalized geometry. 
Thus, as in [TT], we define a toric generalized Sasakian manifold to be a generalized 
Sasakian manifold for which the symplectic structure on the cone is invariant under 
T = U(l) 3 . We also assume that the corresponding Reeb vector field lies in the Lie 
algebra of this torus@ Notice that this does not imply that the whole structure is 
invariant under U(l) 3 - for example, the Pilch- Warner solution is a non-trivial solution 
with fluxes which is toric in this sense, but for which only a U(l) 2 = U(1)r x £7(1) 
subgroup preserves the fluxes. In any case, in this setting there is a moment map 
\i under which the image of the cone X is a strictly convex rational polyhedral cone 
C* C t* = M 3 . This is a set of the form 

C* = {ye t* | (y,v a ) > ,a = l,...,d} Cl 3 , (3.41) 

where the integer vectors v a G Z 3 , a = 1, . . . , d, are the inward normal vectors to the 
d > 3 faces of the polyhedral cone C*. The Reeb vector field £ then defines a hyperplane 
{(y, £) = 1/2} in M 3 that cuts C* in a compact convex two-dimensional polytope, and 
the contact volume is simply the Euclidean volume of this polytope, as a function of £. 
Thus the minimization problem we are required to do involves minimizing this volume 
over an appropriate space of Reeb vector fields £. As explained in [13], necessarily £ 
lies in the interior of the dual polyhedral cone Cat since //(£) = |r 2 , so £ G Ci nt is 
necessary. However, in the Sasakian case, the condition that the holomorphic volume 
form Q has charge 3 then further restricts £ to lie in the intersection of C\ n t with a 
hyperplane. This then leads to a well-defined volume minimization problem, with a 
unique (finite!) critical point £*. 

In the toric generalized setting, almost everything said above remains true. Thus a 
toric generalized Sasaki-Einstein solution is similarly obtained by minimizing the same 
two-dimensional polytope volume that appears above. The difference is that the space 
of Reeb vector fields over which one minimizes is in general different. This is related to 
the fact that in the generalized setting the closed pure spinor Q_ on the cone is required 
to have charge 3 under the Reeb vector field, as part of our definition of generalized 
Sasakian, so £ r g r fi_ = 3f2_, or equivalently £^Q_ = — 3if2_. Since f2_ is in general a 
polyform, the minimization problem in the generalized setting is naively going to be 
over a small space. 

We shall see some examples of precisely this in section HI Although the generalized 
20 The cases where this is not true form a finite and uninteresting list [37]. 
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geometry in these examples is not under good control, fortunately the physical inter- 
pretation is, and this allows us to determine the constraints on the Reeb vector field 
and apply volume minimization. In fact even more simple are the /3-transforms: 



Example: /3-transform of C 3 

In order to be very concrete, let us return to the class of generalized Sasakian 
manifolds presented in section 12.51 Recall this arises from a family of generalized 
Kahler cone structures on C 3 with Reeb vector fields in (M+) 3 . In fact these are toric, 
in the above sense, and here (ffi+) 3 = Cint- We can then calculate the contact volume 
as a function of the Reeb vector field £ : 



The homogeneity condition C r Q r Vt_ = 3f2_ imposes that the components of the Reeb 
vector field £ = J2i satisfy 



Notice here that everything is independent of the parameter 7. We see immediately 
that Z is minimized for £1 = £2 = £3 = 1, at which point Z = 1 so that the contact 
volume of the generalized Sasaki-Einstein manifold Y is equal to the volume of the 
five-sphere, Vo\ a (Y) = Vol(5 5 ) = ir 3 . Given the definition (I2.97P of the function /, this 
then indeed corresponds to the Einstein condition / = 0. We have thus reproduced the 
result that the beta deformation of C 3 does not change the supergravity central charge 
|21j . Of course this is physically fairly obvious, since it is a marginal deformation, 
but the important point is that we have reproduced this in a non-trivial way using 
generalized geometry. 

The above result presumably extends to general beta deformations of toric Kahler 
cones, which could be treated as in [T9j [22]. As explained above, the minimization 
problem involves precisely the same volume function of precisely the same polytope. 

3.4 Relation to a-maximization 

As mentioned in the introduction, volume minimization is believed to correspond to 
a-maximization in the dual Af = 1 superconformal field theory. The equivalence of the 



Z 




(3.42) 



£1 + 6 + & 



3 . 



(3.43) 
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two procedures has been proven for the case of toric Sasakian manifolds in [15], and in 
a very interesting and recent paper also for non-toric Sasakian manifolds as well [T6] . 
In this subsection we briefly review the relation, and make a more general conjecture. 

In [11] it was shown that for a general solution of type IIB supergravity of the form 
A0IS5 x Y, with Y a generalized Sasaki-Einstein manifold, the contact volume of Y is 
related to the central charge a of the dual SCFT by the simple formula 

Vol(S 5 ) a ' 1 } 

where ajvw = N 2 /4 is the central charge for M = 4 super- Yang-Mills theory with 
gauge group SU(N) at large N. Moreover, it was shown in [5] that the Reeb vector 
field corresponds to the R-symmetry of the dual M = 1 SCFT. 

Just as the contact volume is determined by the Reeb vector field, so the central 
charge a is completely determined by the R-symmetry through [61 [38] 

a = — (3TtR 3 -TtR) . (3.45) 

Here the trace is over the fermions in the theory. More precisely, one typically computes 
this quantity in a UV theory that has a Lagrangian description and is believed to flow 
to an interacting superconformal fixed point in the IR, and then uses 't Hooft anomaly 
matching. For some time a major problem was identifying the correct global symmetry 
in such a UV description that becomes the R-symmetry in the IR. This was solved by 
Intriligator and Wecht in the beautiful paper [14J. The result is that, among the set 
of potential R-symmetries that are free of ABJ anomalies, the correct R-symmetry is 
that which (locally) maximizes the central charge. That is, one maximizes the trial 
central charge function over all admissible R-symmetries: 

«triai = ^(3Tri? t 3 rial -Tri? trial ) . (3.46) 

Of course, this immediately resembles Z-minimization, where one varies the contact 
volume as a function of the Reeb vector field. Indeed, even the condition that the 
superpotential has R-charge 2 is analogous to the condition that VL_ has scaling di- 
mension 3: both are immediate consequences of the supersymmetry parameters having 
a canonical (non-zero) R-charge. 

In general even the dimensions of the spaces of trial R-charges and trial Reeb vector 
fields are different. However, in [T5] it was shown in the toric Sasakian case that one can 
effectively perform the field theory a-maximization in two steps, the first step resolving 
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the mixing with global baryonic symmetries. The upshot of this is that one obtains 
trial R-charges which are then functions of the Reeb vector field; that is, the field 
theory trial R-charges satisfy the well-established AdS/CFT formula [891 13U1 Efll 132] 

Here $ is a chiral matter field which is "dual" to a supersymmetric three-subspace 
S 3 C Y, and the volumes are understood in our language as contact volumes, which 
are thus functions of the trial Reeb vector field. More geometrically, in the Abelian 
mesonic moduli space $ = defines a conical divisor in X, which is then a cone over 
S3. It is a non-trivial and striking fact that the trial R-charges defined this way satisfy 
the field theory anomaly cancellation conditions, for any choice of trial Reeb vector 
field. The authors of [15] then proved that 

Z = (3.48) 

Atrial 

holds as a relation between functions, with the right hand side understood as a function 
also of the Reeb vector field, as described above. 

It is then natural to conjecture that the relation (13.48p still holds when Y is gener- 
alized Sasakian but not necessarily Einstein. Of course, in general there would also be 
some analogue of the baryonic mixing to resolve in the dual field theory. However, in 
the examples we shall study in the next section there is no such mixing as there are no 
baryonic symmetries, and the functions will agree on the nose@ We also note that, 
although the Abelian mesonic moduli space in the field theory is only a subspace of X 
in general, namely the type-change locus of it is nevertheless still true in examples 
that one can match chiral matter fields $ with supersymmetric three-subspaces E 3 , and 
that ( 13.47P still holds. This was demonstrated for the explicit Pilch- Warner solution 
in [9j [UJ, and we shall see it is also true of the new examples in the next section. 



4 Massive deformation of generalized conifolds 

In this section we present new examples of superconformal field theories whose dual 
geometries are generalized Sasaki-Einstein. They are obtained by massive deformations 
of quiver gauge theories describing the worldvolume theories of a stack of D3-branes 

21 It is a straightforward exercise to check that this is also the case in the beta deformation example, 
but this is somewhat trivial. 
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located at so-called "generalized conifold" singularities. The simplest such example is 
the suspended pinch point (SPP) singularity, but this generalizes to an infinite family 
of generalized conifolds which are cones over the L m,n ' m Sasaki-Einstein orbifolds. The 
mass deformation induces an RG flow, and the field theory analysis suggests that these 
theories flow to interacting superconformal fixed points in the IR. The mesonic moduli 
spaces of the corresponding SCFTs are not (N symmetrized copies of) the original 
Calabi-Yau singularities, but rather only a subspace. Given the identification [181 119] 
between the Abelian mesonic moduli space and the type-change locus & = X \ X of 
f2_ in X, where the geometry reduces to being Kahler, this means that the dual su- 
pergravity solution is indeed necessarily generalized Sasaki-Einstein. Notice that these 
theories must have a dual AdS^, type IIB description, since they have been obtained 
by deformation of a Sasaki-Einstein background of type IIB. Although we do not know 
the explicit supergravity solutions, we will show that with some reasonable assump- 
tions about their geometry, we have enough information to perform the generalized 
Z-minimization described in the previous section, and hence compute geometrically 
the central charge of the dual SCFT and the R-charges of certain three-subspaces. We 
then show that these agree with the dual field theory a-maximization computations, 
and moreover that the quantities even agree off-shell, as in (13.481) . 

4.1 Massive deformation of M = 4 super- Yang-Mills theory 

Before considering mass deformations of generalized conifolds, we start by looking at 
a simple well-known example in order to acquire some geometric intuition. 

One way to deform Af = 4 super- Yang-Mills theory is by giving a mass to one of its 
three chiral superfields i — 1, 2, 3, in Af — 1 language, which are all in the adjoint 
representation of SU(N). The corresponding superpotential deformation is thuS 

W mSY M = $l[$ 2 ,<f 3 ] + ! y^ • (4.1) 

The resulting theory flows to an infrared fixed point with Af = 1 supersymmetry, 
as argued by Leigh and Strassler [13]. After integrating out the massive field $i by 
putting it on-shell, $i = —[$2, &3]/m>i, we obtain a quartic superpotential: 

W mSY M = Ai[$ 2 ,$ 3 ] 2 , (4-2) 

with Ai = — l/(2mi). The requirement that the superpotential has R-charge 2 gives, 
22 An overall trace is always implicit in these formulae. 
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denoting the R-charges of the chiral superfields by R4, 



Rt = R2 + R3 = 1 • (4.3) 

The ABJ anomaly for the R-symmetry then vanishes automatically. The trial central 
charge is 

27 TV 2 

atrial = -^-R 2 Rs ■ (4.4) 
A local maximum is obtained for R 2 = R3 = 1/2, which gives 

= i- (45) 

Of course, in this example a-maximization is somewhat redundant, since the global 
SU(2) symmetry at the fixed point in any case requires that R2 = R3. 

The dual geometry is known as the Pilch- Warner solution jHJ H5], and involves a 
non-trivial metric on S 5 (given, for example, in [9]), as well as non-trivial three-form 
fluxes and five-form flux. It follows that topologically X = C(S 5 ) = M 6 . Although 
the solution is generalized complex, rather than complex, it is nevertheless convenient 
to write it in terms of complex coordinates on M 6 = C 3 . This structure is essentially 
inherited from that of the original solution before mass deformation, which is C 3 with 
its flat Calabi-Yau metric. The complex coordinates Zi, i = 1,2,3, effectively get 
rescaled (as the R-symmetry changes), and in polar coordinates these have weights £j 
and are given by 

z x = r& sintfe^ 1 , & = 3/2 , 

Z2 = r & cost? cos fe^ 2 , £ 2 = 3/4, 
z 3 = r f3 cos i? sin f e^ 3 , £3 = 3/4. 

The closed pure spinor f2_ is given by 

= v^^d^ 2 A e~ b - +iui - , (4.6) 
96 
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with the rather complicated expression 
— 6_ + icu_ 



-2i 



2/ 5 



3 3r d (r s + 21 



r 3 (r 3 + \z\\ 



-dz<?dz 3 



-zfzidz 2 dz 3 + (2^id2;2dz3 - ^d^d^i + ^d^dzi) 



3/2 



^(^2 - z 1 zl)dz 2 dz 3 - \-{z x z\ - z 1 z 2 )dz 3 dz 2 



+ -:{\z2\ 2 + \z 3 \ 2 )dz 1 (z 3 dz 2 - z 2 dz 3 ) 



[z\z 2 z 3 + z x z 2 z 3 )[dz 2 dz 2 - dz 3 dz 3 ) 



(4.7) 



Notice that z oc z\ corresponds to the superpotential W m sYM in (14.2[) . provided we 
identify the complex coordinate z\ with the scalar component of the chiral superfield 
$1 = — [§ 2 ,& 3 }/mi. Indeed, this is generally expected from the observation that the 
condition dz = reproduces the F-term equations of the theory on the worldvolume of 
a probe D3-brane [HI [19]. Thus the type-change locus {dz = 0} always corresponds 
to the mesonic moduli space of the SCFT. Here the type-change locus 2? = {z\ = 0} 
of the pure spinor f2_ is a copy of C 2 C K 6 , on which f2_ reduces to a three- form 



1 — z^— d^i A dz 2 A dz 3 . 



(4.8) 



Notice in such expressions we do not mean a pull-back to but rather a restriction 
of the bundle of forms to 27] the pull-back of a three- form to will always be zero 
for dimensional reasons. 

After shifting the exponent by a suitable two-form proportional to dz\, to put Q_ 
in the generalized Darboux form, we obtain 



— (2zidz 2 A d^ 3 — z 2 dz 1 A dz 3 + z 3 dz\ A dz 2 ) + c.c. 



l z i 



(4.9) 



1 h 
3V 6 

while the expression for 6 is rather complicated and we thus omit it. The symplectic 
form on I = R 6 is 



2 A d( Pi 



6 



(4.10) 



with n = rsini?, r 2 = r cost? cos(o;/2), r 3 = r cos 1? sin (a/2). We have explicitly 
verified that all the conditions enunciated in subsection 12.4.31 for a generalized Sasaki- 
Einstein solution are indeed satisfied by this Pilch- Warner solution, which is thus also 
a further check on our equations. 
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Of course, in this case we know the explicit solution and hence Reeb vector field. 
However, we may now show how to recover some of these results without using the full 
solution, which is in fact quite complicated. The key observation is that (14.101) describes 
the standard symplectic structure on K 6 , as observed in p]. In order to perform Z- 
minimization, we let the Reeb vector field £ = X^6<9</>; (^+) 3 be arbitrary in the 
expression (14. 10p for the symplectic form, which then leads to the contact volume 

z(0 = t^tt- (4-ii) 

Note that this is the same contact volume function (13.421) as for the beta deformation 
of Kahler cones on C 3 , since in both cases the symplectic structure on R 6 = C 3 is the 
standard one. The generalized holomorphy condition C^Q- = — 3ifi_ gives constraints 
on the Reeb vector field. In particular, the three-form condition gives 6 + 6 + 6 — 3, 
which is easily deduced by looking at the homogeneity of while, in contrast to 

the /3-transform example, the one-form condition C^dzf = Sidzf gives the additional 
condition 6 = 3/2, as does the five-form condition. We thus have the constraints 

6+6 + 6 = 3, Zi = I- ( 4 - 12 ) 

Minimizing Z under these constraints indeed gives the correct Reeb vector field £ = 
(3/2,3/4,3/4). Using the relation between the Reeb vector field and the R-charges, 
6/3 = Ri/2, we see that the conditions (I4.12p and (14. 3 j) match and that the conjecture 
(jg3BD indeed holds: 

Z = (4.13) 

Atrial 

4.2 Suspended pinch point 

Before turning on massive deformations, we first review the gauge theory on N D3- 
branes probing the suspended pinch point singularity. 

The suspended pinch point is a non-isolated hypersurface singularity given by 

X SP p = {u 2 v = wz} C C 4 , (4.14) 

where u,v,w,z are complex coordinates on C 4 . All such hypersurface singularities are 
Calabi-Yau (or, more precisely, Gorenstein), in the sense that they admit a nowhere 
zero holomorphic (3, 0)-form Q on the locus of smooth points. This particular singu- 
larity is also toric, meaning that there is a holomorphic action of Tc = (C*) 3 with a 



48 



dense open orbit. It may thus be rewritten in the language of toric geometry, reviewed 
very briefly in section [3731 - we also refer the reader to [12J, where the suspended point 
point singularity is discussed in further detail. In particular, the image of Xspp under 
the moment map for any choice of toric Kahler metric on Xgpp is given by a polyhedral 
cone C* in R 3 of the form (13.411) . where the inward-pointing normal vectors are 

v = (1,1,0) , Vl = (1,2,0) , v 2 = (1,1,1) , 

v 3 = (1,0,1), v A = (1,0,0). (4.15) 

Here we have used the fact that for any toric Gorenstein singularity one can conve- 
niently set the first component of the normal vectors to 1 by an appropriate SL(3; Z) 
transformation of the torus. They are thus of the form v a = (l,w a ), where w a G 1? . 

(0,1) (1,1) 
f # 

(0,0) (1,0) (2,0) 
Figure 1: Toric diagram for the suspended pinch point. 

Figure [1] shows the toric diagram, which is the convex hull of the {w a } in M 2 , or 
equivalently is the projection of the dual cone C to the plane e\ — 1. The four external 
vertices correspond to four torus-invariant divisors D a = C(E a ), a = 1,2,3,4, which 
are cones over three-subspaces S a C Ispp. It is the additional vertex point wo = (1, 0) 
on the interior of an external edge that signifies that Xgpp is not an isolated singularity 
- in fact there is an A\ singularity running out ofu = v = w = z = 0, at every non-zero 
value of v. The relation between the toric and algebraic descriptions is obtained as 
usual by noting that the normal vectors satisfy J2t=i Qa v a — 0, with the U{1)b charge 
vector Q = (—1,2,-2,1). We may then associate complex coordinates Z a to each 
divisor S a , in terms of which we construct [/(l)g-invariant monomials as 

u = Z 1 Z 4: , v = Z 2 Z 3 , w = Z\Z 2 , z = Z S Z% . (4.16) 

These generate all such invariants, and satisfy our original algebraic equation u 2 v = wz. 
Indeed, being holomorphic functions on Xgpp of definite charge under the torus action, 
they define lattice points inside the cone C*, and then precisely generate its lattice 
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points over Z>o- Thus with this interpretation we also have 

u= (1,0,-1), v = (0,0,1), w = (0,1,0), z = (2,-1,-1), (4.17) 

being the generators of C* . We shall need these formulae later. 

It was only recently that an explicit Calabi-Yau cone metric was constructed on Xspp 
[231124]. In fact the corresponding Sasaki-Einstein orbifold metric on Fspp is one of these 
]j>,q,r S p aceS; namely L 1 ' 2,1 . However, before this metric was known (and indeed known 
to exist), the Reeb vector field and hence volumes of Ispp an d its supersymmetric toric 
subspaces S a were computed using volume minimization in the original paper |12j . 
These are given by 

Vol(F) = -^Vol(£ a ), (4.18) 



Q 

_2 (v a -l,V a ,V a+1 ) 



Vol(E a ) = 27T 2 - , (4.19) 

where (u,v,w) denotes the determinant of the 3x3 matrix whose rows are u, v , and 
w. With the choice of normal vectors in Figured] we obtain 

Vol(E '» = fa (26-t- & ) • V ° 1(E4) = Ml ' 

Vo>( 22 ) = Ki _ &)(2 2 ;;_ 6 _ &) . Vo^) = , (4,0) 

Z = 2 ^ Z ^ 3 (a 21) 

866(6 -6)(26-6-6) • 1 ' ; 

In the basis in which the normal vectors to C* all have their first component equal 
to 1, the holomorphic three-form fl satisfies Cq/q^VL = iQ and Ca/dfaSl = 0> so the 
homogeneity condition requires the first component of the Reeb vector field £ to be 
equal to 3 [12J: 



6 = 3. (4.22) 
Then it is straightforward to check that Z has a (global) minimum for 

£ = (V^,3-v/3) . (4.23) 

Notice that in the Sasaki-Einstein case f$ — 4 and A = 0, and the contact volume Z 
reduces to the Riemannian volume of Y, relative to that of the round metric on S 5 , 
and so we have 

2-7T 3 2tt 2 Att 2 

VoI(Fspp) = -^j= , Vol(£ M ) = — , Vol(E 2 , 3 ) = j^j= . (4.24) 
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Figure 2: Quiver diagram for the gauge theory on iV D3-branes probing the suspended 
pinch point. There are three U(N)i gauge groups, with six bifundamental fields $^ 
and one adjoint field $33. 

The gauge theory on N D3-branes at such a singularity was first studied by Morrison 
and Plesser [5] and Uranga [16]. This is of quiver form, with the quiver diagram shown 
in Figure |2j Here the three nodes represent three U(N) gauge groups, and the arrows 
represent bifundamental chiral superfields. More precisely, a field $jj connecting the 
i th node to the j th node is in the fundamental representation of U (N)i and the anti- 
fundamental of U(N)j; the field $33 is in the adjoint representation of U(N) 3 . The 
superpotential is 

WW = $12$21$13$31 -$23$32$21$12 + $33($32$2 3 - $31$is) ■ (4-25) 

Focusing on the Abelian theory with N = 1, the resulting F-term and D-term 
conditions are 

$33 = $i 2 $21 , 

$i 3 | 2 = , 17(1)! , 

$ 23 | 2 = , U(l) 2 . (4.26) 

Notice here that we have precisely neglected the branch of solutions to the F-term 
equations in which $23 — $32 — $13 — $31 — 0, for which then $ 33 , $ 12 and $21 ar e 
left unconstrained by the F-terms. Imposing also the D-terms on this branch leads to 
a copy of C 2 , which exists precisely because the singularity is not isolated. Ignoring 



$23 $32 = $13 $31 , 
|$2l| 2 - |$1 2 | 2 + |$3l| 
|$2l| 2 - |$12| 2 + I $32 I 
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this, which corresponds to motion of fractional branes along the residual singularity, 
we can construct the following ?7(l)i 2-invariant monomials in the fields, which then 
generate the top-dimensional irreducible component of the mesonic moduli space: 



U = $ 23 $32 = $13$31 , 
W = $l 3 $32$21 , 



V = $33 = $12$21 , 
Z = $12$23$31 • 



(4.27) 



We see that these indeed satisfy the suspended pinch point hypersurface relation u 2 v = 
wz. 

By comparing the expressions for u, v, w, z in terms of the coordinates Z a associated 
with the three-subspaces S a ( 14 .161) . and in terms of the gauge theory fields <3>jj (14.271) . we 
deduce that the vanishing locus of a field $y is associated with the divisors D a = C(E a ) 
as in Table [TJ 



3-subspace 


Fields 


Qb 


R-charge 


Si 


$32, $13 


-1 


1/V3 


E 2 


$21 


2 


l-l/\/3 


E 3 


$12 


-2 


1-1/V3 




$31, $23 


1 


1/V3 


s 2 us 3 


$33 





2-2/V3 



Table 1: Divisors, fields, and charges for the SPP theory. 



We now perform a-maximization for the superconformal fixed point of this theory, 
at large N. The requirement that the superpotential has R-charge two gives 



i?12 + R21 + R23 

R23 + R32 = R13 + -R31 , 



-R 3 2 = 2 , 

-R12 + R21 



R 



33 ■ 



(4.28) 



Using this, one sees that anomaly cancellation is then automatically satisfied. The trial 
central charge is then 



Atrial 

which is locally maximized for 

^23,32,13,31 = , 



9N 2 
~32 



3 + ^(^-1) 



(4.29) 



R 



12,21 



1 

7! 



R. 



33 



2-^. (4.30) 
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This gives 



0/V=4 
a SPP 




(4.31) 



We now wish to compare this with Z-minimization already performed. The R- 
charge of a dibaryonic operator B a = det arising from wrapping a D3-brane over 
S Q is computed using the AdS/CFT formula (13.47j) . Using the toric volumes above, 
we can see that the conditions on the R-charges are equivalent to the condition £1 = 3, 
and that the contact volume Z is equal to the inverse of the central charge, where one 
takes the trial R-charges to be functions of the trial Reeb vector £ using the volume 
formula 1EE37)) : 

Z = (4.32) 

Atrial 

Of course, this was proven in generality by Butti and Zaffaroni [15J. 
Mass deformation 

Having fairly thoroughly summarized the suspended pinch point theory, we now turn 
to its massive deformation. We thus consider deforming the theory by adding a mass 
term for the adjoint field: 

Tft 

W mS PP = W S PP + y$33 . 

Integrating out the massive field by imposing its equation of motion, $ 33 = ($ 31 $ 13 — 
$32 ^2z)l m i we are left with a quartic superpotential 

W mSPP = $12$21$13$31 - $23$32$21$12 - A 33 ($ 32 $23 - $31$is) 2 , (4.33) 

with A = l/(2m). Neglecting the corresponding branch of the moduli space that we 
neglected previously (which the reader may check is a copy of C), the F-terms give 

$ 13 $ 31 = $ 23 $ 32 , $12$21 = . (4.34) 

The D-terms are the same as for the SPP theory, and we may similarly construct the 
gauge-invariant monomials 

p = $23$32 = $13$31 , q = $12$21 , 8 = $13$32$21 , t = $l 2 $23$31 -(4.35) 

The F-term condition q = also enforces that either s or t vanishes. The moduli space 
is thus {u, s,t = 0} U {u,t, s = 0} ~ C 2 Uc C 2 ; that is, two copies of C 2 intersecting 
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over C. The a-maximization computation below suggests the existence of a non-trivial 
interacting IR fixed point for this theory, and then the fact that this mesonic moduli 
space is not a three-fold implies that the dual type IIB description must be generalized 
geometric, rather than a Sasaki-Einstein solution. 

The R-charges at the putative IR fixed point can be determined by a-maximization. 
The condition that the superpotential has R-charge 2 gives 

Rl2 +R21 = 1 , #23 + R32 = 1 , Rl3 + R31 = 1 • (4.36) 

The condition of vanishing ABJ anomaly is then automatically satisfied. The trial 
central charge is 

27 N 2 

atrial = (R12R21 + R13R31 + R23R32) ■ (4.37) 

A local maximum is obtained when all the R-charges are equal to 1/2, which gives 

CW=4 32 



Numerically, this is slightly less than the central charge for the SPP theory, 



(4.38) 



q ^spp 81 a S pp 3^ 

__ - — ~ 0.63 < — - — 0.65 . (4.39) 

This is then consistent with the a-theorem, apR < auv, which in turn is based on the 
intuition that we are integrating out degrees of freedom when flowing to the IR. 

One of the new results in this paper is that we now have some understanding of the 
dual Z-minimization to perform on the gravity side. However, to apply this we need 
to make two assumptions, which are motivated by our previous examples. Firstly, we 
assume that the symplectic structure of X is left unchanged by the massive deformation. 
This ensures that the toric diagram remains the same as for the original SPP singularity. 
This is true of the explicit Pilch- Warner solution, which is the IR fixed point of a 
similar massive deformation of Af = 4 super- Yang-Mills. It would certainly be nice to 
understand better the physical significance of this. The second condition is easier to 
justify. Here we assume that the homogeneity condition on the pure spinor f2_ for the 
putative IIB dual requires 

6 = 3/2. (4.40) 

The reason for this is that the one-form part of the pure spinor f2_ is precisely related to 
the scalar part of the superpotential. Hence f2_ oc dv 2 , where recall that in the Abelian 
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moduli space of the original SPP theory v = $33, where we deform by the mass term 
m$| 3 /2. This is indeed precisely what happens for the Pilch- Warner solution, as we 
reviewed in section 14.11 In the basis we have chosen one immediately sees from (14.171) 
that the one-form part of the homogeneity condition C^dv 2 = 3idv 2 gives precisely 
£3 = 3/2. 

With the homogeneity condition £1 = 3, the function Z then reads 

1 



26(9 - 26 



(4.41) 



which is minimized at 6 = 9/4. Using again (13.471) . we verify the equivalence of the Z 
and a functions: 

Z = (4.42) 

a trial 

The contact volumes of Y m spp and the subspaces E a after mass deformation are 

327T 3 167T 2 

Yo\ a (Y mSPP ) = —, Vol a (E a ) = —, Va = 1,2,3,4. (4.43) 

ol Z 1 

We also see that the AdS/CFT formula (13.471) . which was shown to hold also for 
generalized geometries in [TT] provided the volumes are interpreted as contact volumes, 
gives the correct result that the R-charge of each bifundamental field is 1/2. That is, 

which acts as a further check on this result. 

We have thus predicted the existence of a supersymmetric AdS 5 solution of type 
IIB supergravity, with the same topology and toric symplectic structure as X SPP , a 
Reeb vector field which in the above basis is (3, 9/4, 3/2), a pure spinor f2_ with one- 
form component proportional to dv 2 , where v is the complex- valued function on X^pp 
specified above, and with a corresponding type-change locus = C 2 Uc C 2 . This is 
a substantial amount of information about this solution. In fact, this is essentially as 
much as one knows about toric Calabi-Yau solutions for which we only know that there 
exists a Sasaki-Einstein metric via the existence result of [47J. Our results then show 
that the central charges and R-charges of chiral fields for such a gravity solution and 
the dual field theory match using AdS/CFT. 
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4.3 Generalized conifolds 

Having studied the SPP theory and its massive deformation in detail, we turn now to 
a simple infinite family of generalizations of this example. Since the details are similar, 
we shall be more brief. 

We begin with the generalized conifolds described by the hypersurface equation [46] 

X m , n = {u n v m = wz} C C 4 . (4.45) 

These are again also toric, and provided gcd(m, n) — 1 the corresponding polyhedral 
cone C* has primitive normal vectors 

Vl = (l,n,0), v 2 = (l,m,l), v 3 = (1,0,1), v 4 = (1,0,0). (4.46) 

The toric diagram is shown in Figure |3j 



(0,1) ... (m,l) 




(0,0) ... (n,0) 

Figure 3: Toric diagram for the generalized conifold X m n = £7(£ m :«> m ) 

The dual cone C is also generated by four primitive vectors, namely 

u = (1,0,-1), v = (0,0,1), w = (0,1,0), z = (n,-l,m-n) , (4.47) 

which correspond to four holomorphic functions on X m , n with definite charge under 
the torus. It is again an elementary exercise to check that these generate over Z> all 
lattice points in C*. Notice that we have Yla=i Qa v a = 0, with the U (1) b charge vector 
Q = (— m, n, —n,m). Writing Z a , a = 1,2,3,4, as coordinates on C 4 , then the U(1)b 
invariants are spanned by the four functions 

u = Z X Z A , v = Z 2 Z 3 , w = ZIZ™ , z = Z™Zl , (4.48) 

which then satisfy u n v m = wz. Again, this certainly requires gcd(m,n) = 1. 
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•o* — ■o* — ■o* — — — ^ 

1 ■■■ 2m 2m+l ■■• m+n 

Figure 4: Quiver diagram for the gauge theory on N D3-branes probing X m ^ n = 
C(L m ' n ' m ). The dashed arrows at both extremities are identified. 

These generalized conifolds are cones over the Sasaki-Einstein orbifolds L m,n ' m . The 
SCFT dual to N D3-branes probing X m>n = C(L m > n ' m ) was studied in [48]. Again, this 
is the IR limit of a quiver gauge theory, now with N g = m + n U (N) gauge group 
factors, the last n — m of which have an adjoint field. The quiver is shown in Figure IU 
and the superpotential is 

2m n—m 
i=l i=2m+l 

where the index i is defined modulo N g . Notice here that to each torus-invariant divisor 
D a = C(£ a ), with E a a three-subspace of the orbifold Y = L m ' n ' m , we can associate 
a set of the bifundamental fields Geometrically, the relaton is that = 0} is 
the divisor D a in the mesonic moduli space, which contains X m ^ n . These fields have 
multiplicities n a = |(i> a _i, v a , v a+ i)\ jH], giving here ri\ = n 4 = n and n 2 = n 3 = m - 
see Table EJ 

After adding a mass deformation of the form J^Sm+i mi ^ii/^ an< ^ integrating out 
the massive fields, we obtain 

2m 

1=1 

n—m 

- Y - ®i,i-l$i-l,i) 2 , ( 4 - 49 ) 

i=2m+l 

with n — m complex coupling constants A» = l/2mj. The corresponding F-term equa- 
tions give rise to 

v = $ iii+ x$i+i,i = for all odd i < 2m , ^ 
u = $j >j+1 $ j+1) j for all j i , 

where again we focus on the branch of the moduli space which does not correspond 
to moving fractional branes along the residual singularity. In addition, we find the 
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3-subspace 


Fields 


Qb 


Multiplicity 


Si 




—m 


n 


s 2 


$v+i 


n 


m 


s 3 


$i+i,i 


—n 


m 


s 4 




m 


n 



Table 2: Divisors, fields, charges, and multiplicities for the L m,n,m theories. Here, as in 
(|4.50p . the index i is odd and smaller than 2m, while the index j covers the remainder. 



following gauge-invariant monomials 

$12 • ■ • $m+n,l , 



W 



$1 



m+n 



21 



(4.51) 



which then satisfy u n v m = wz. As an illustration, consider the L 1 ' 3,1 theory. The 
F-terms lead to 

U = $23$32 = $34$43 = $41$14 , V = $12$21 = , (4.52) 

and we can construct the C/(l)i,2,3- invariant monomials 

W = $12$23$34$41 , Z = $14$43$32$21 , (4.53) 

which satisfy u 3 v = wz. 

In the general case the condition v — implies that either w ot z vanishes. The 
moduli space is thus again two copies of C 2 , intersecting over C. 

We next perform a-maximization for the IR fixed point of the massive deformation. 
The requirement that the superpotential has R-charge 2 gives 



i?[£i] + R[Ei] 



R[E 2 ] + R{E S 



(4.54) 



where the field-divisor map is given in Table |2j The ABJ anomaly is then automatically 
satisfied. The trial central charge function is thus 



Atrial 



27N 
32 

27N 2 
32 



2 N v 



^ ] Ri,i+lRi+.l .; 



i=l 



(mR[E 2 )R[E 3 ] + nR\Zx]R\Ei]) 



(4.55) 



which is locally maximized when all R-charges are equal to 1/2, at which point the 
central charge is 

aj\f = 4 32 32 



a mL rl 



21N g 27{m + n) 



(4.56) 
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In accord with the a-theorem, the central charge of the infrared theory is strictly smaller 
than the central charge of the original theory given in jl8] , for all values of m and n: 

27N 2 -i 

aLm,n, m = m 2 n 2 \{2m — n)(2n — m)(m + n) + 2(m 2 — mn + n 2 ) 3//2 l .(4.57) 

16 

Finally, we turn to the dual Z-minimization problem. Again, the homogeneity 
condition for f2_ leads to £i = 3 and £3 = 3/2, the latter condition again coming from 
the expectation that the one-form part of is proportional to dv 2 , precisely as for 
the Pilch- Warner solution and our discussion of the SPP theory. The Z function is 
then 

AN 

7 " (4.58) 



3£ 2 (3iV 5 - 26) ' 

which is minimized for £ 2 = 3iV 9 /4. The volume of L m ' n,m after mass deformation and 
the volumes of the subspaces S a are 

3?7T 3 IPlTT 2 

Vol(mL~) = Vol(E ) = — . (4.59) 

Using again (13.471) . we can verify that the conjectured relation between Z and atrial 
indeed holds. 



5 Conclusion and outlook 

In this paper we have developed a deeper understanding of general supersymmetric 
AdS^ solutions of type IIB supergravity using generalized geometry. Following on from 
[H], we have studied a pair of compatible pure spinors on a generalized Calabi-Yau 
cone, which generalizes the notion of a Kahler cone with zero first Chern class. The 
key point is that the complex structure on the cone is replaced by a generalized complex 
structure, which becomes an ordinary complex structure on a special type-change locus. 
Physically, this locus is the Abelian mesonic moduli space of the dual field theory. In 
section [2] we have introduced the notion of generalized Sasakian geometry, which shares 
many properties with Sasakian geometry. In particular, there is an underlying contact 
structure, and the associated Reeb vector field, dual to the R-symmetry, is generalized 
holomorphic, generalized Killing, and related to rd r via the integrable generalized 
complex structure J-. Away from the type-change locus, the transverse space to the 
Reeb foliation, rather than being Kahler as in the Sasakian case, is endowed with a 
triple of orthogonal symplectic forms satisfying a system of differential equations. 
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Equipped with this definition of generalized Sasakian geometry, we then proved in 
section [3] the analogous result to [H] : the action for the bosonic supergravity fields is 
equal, when restricted to a space of generalized Sasakian structures, to the underlying 
contact volume, and thus depends only on the Reeb vector field. This implies that the 
Reeb vector field of a supersymmetric AdS§ solution is obtained by minimizing the con- 
tact volume over a space of the Reeb vector fields under which the pure spinor fi_ has 
charge three. Since at the critical point this contact volume is equal to the inverse cen- 
tral charge of the dual field theory [11] , this is conjecturally the geometric counterpart 
of a-maximization in four-dimensional M = 1 superconformal field theories. 

A number of important questions and problems arise from this work. Firstly, our 
current understanding of the deformation space of generalized Sasakian structures is 
very limited. This is simply because this is a new structure, which we have only had 
chance to develop quite superficially in the course of a single paper; on the other 
hand, Sasakian geometry has been studied since 1960. Having said that, there is 
still no general understanding of the deformation space even for Sasakian manifolds, 
the only complete description being that for toric Sasakian manifolds given in |12j . 
We believe that a similar level of understanding should be achievable for generalized 
toric Sasakian manifolds, but leave this for future work. Notice that, in any case, 
our definition of generalized Sasakian geometry reduces to that of Sasakian geometry 
when the generalized complex structure is complex, and that the beta deformation of 
a Kahler cone is a cone over a generalized Sasakian manifold. 

Secondly, we have not investigated the type-change locus & in any detail here. It 
is an important problem to understand what the constraints are on the type-change 
locus, and to classify the types of boundary conditions associated with the structures 
introduced in section El We note that this is very much an open problem in generalized 
geometry, for which there are currently only some very preliminary results [33l [49] . 

In section @] we bypassed most of the above open issues by focusing on some exam- 
ples for which we have a fairly good understanding of the physics on the SCFT side of 
the correspondence. This allowed us to predict the existence of supersymmetric AdS<$ 
solutions of type IIB supergravity, with the same topology and toric symplectic struc- 
ture as the cones C(L m,n ' m ). Although we do not know the pure spinor Q_, we made 
some reasonable assumptions about the generalized geometry based on the dual field 
theories and on the Pilch- Warner solution that these solutions generalize, and thereby 
determined the type-change locus to be & = C 2 Uc C 2 . We were then able to compute 
the critical Reeb vector field and hence the contact volumes. Using the formulae in 
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we found perfect agreement with the central charges and R-charges of chiral primary 
fields computed via a-maximization in the dual SCFTs obtained by mass deformation. 
Perhaps the main issue raised here is why the toric symplectic structure is preserved 
after the renormalization group flow triggered by the mass deformation. In fact, the 
field theory interpretation of the contact or symplectic structure, which exists whenever 
the solution has non-zero D3-brane charge, is still unclear. 
We hope to return to many of these issues in future work. 
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A The hazards of dimensional reduction 

In section [37T1 we derived the equations of motion on Y for the bosonic fields of type IIB 
supergravity from ten-dimensional equations, and then constructed an action Z whose 
variation led to those equations. An alternative strategy to obtain Z would have been 
to dimensionally reduce the type IIB action on AdS^ x Y, where the "reduction" is along 
the AdS$ direction. However, this approach is complicated by ambiguities associated 
with the self-duality of F 5 , and to the lack of proper normalization of the Chern-Simons 
term [50J. In this appendix we outline the relation between these two approaches. 

Even though the field equations of type IIB supergravity cannot be derived directly 
from the variation of an action, one can have recourse to a pseudo-action that leads 
to equations of motion that match the type IIB equations only when supplemented by 
the self-duality condition *F 5 = F 5 . With F 5 = F 5 + \&(B A C 2 ), this pseudo-action 



reads [51] 



.10 
IIB 




(A.l) 
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After a Weyl rescaling g = gAds + 9y = e 2A #e this becomes 



cio 

°IIB 



\- [ d 10 Xv^e 8A (i?-18e- 8A V M (e 8A 9 M A) + 72|dA| 2 

' K 10 JAdS 5 xY ^ 



_ 2 |P| 2 - V 4A 



CI 



-e 
4 



-8A1 



^10 



dC 4 A # A C 2 . 

Splitting the integral into a part over AdS$ and a part over K, one finds 
Vo\(AdS 5 



(A.2) 



cio 



IIB 



2/«f 




2|P|2 _ ± e - 4A 
1 1 2 



(A.3) 



Note that the prefactor Vol(AdS5) here is infinite. Pragmatically, one can simply 
discard this prefactor in order to obtain an action for the bosonic fields on Y, although 
in a more systematic treatment this should be regularized holographically following 
Henningson and Skenderis [52] . The term |-Fs| 2 should be understood only symbolically, 
since the diabolic self-duality property makes it vanish. Naively, one might be tempted 
to formally set \F 5 \ 2 = /f. Comparing with the action Z in (I3.18p . we conclude that 
instead a factor of —2 is missing in front of the second line of (IA.3I) . A similar factor 
was already pointed out by Belov and Moore [50J. 



B The contact volume functional 

Is this appendix we consider the contact volume 

V0l CT (y) EE ^/ A lf = \j CJ/\&G/\&G = J^o\ a . (B.l) 

as a functional on an appropriate space of contact structures on a fixed five-manifold 
Y . Thus here a is a contact one-form on Y . We begin by showing that this volume 
depends only on the unique Reeb vector field £ that is associated with a. As we explain, 
this is analogous to the statement in symplectic geometry that the symplectic volume 
depends only on the cohomology class of the symplectic form. We then compute the 
first and second derivatives of the contact volume. In particular, provided one considers 
only deformations of the Reeb vector field that preserve a, then the volume functional 
is strictly convex. These results generalize those of [H], for Sasakian manifolds to 
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general contact manifolds. Of course, the results that follow hold in arbitrary odd 
dimension, with appropriate replacements of dimension- dependent constants. 

Consider a fixed contact one-form a on Y, and a one-parameter family of deforma- 
tions a t , with o~o = a and t G (— e, e) C R. We Taylor-expand a t = a + to' + 0(t 2 ), with 
a similar expansion of the Reeb vector field £t = £ + t£' + 0{t 2 ). Since by definition 
<7*(£t) = 1) 6-idcXi = 0, one immediately deduces the first order equations 



At) 



£jda' = — £'jda . 



:b.2) 



We now compute 



vol CT 



3f 



J a' A (da) 2 + 2 ^ a A da A da' 
/ a' A (da) 2 + 0(t 2 ) 

JY 



0(t 2 ) 



3t 



a(0 a A (da) 2 + 0(t 2 



(B.3) 



where in going from the first to the second line we have integrated the second term 
by parts and used Stokes' theorem, and in going from the second to the third line 
we have used the first equation in (1B.2[) . In particular, if we consider deformations of 
the contact structure that leave fixed the Reeb vector field, then by definition £' = 
and the contact volume is invariant. Thus we may regard the contact volume as a 
functional of £, as opposed to a, and we have then shown that the first derivative of 
the contact volume is 



dVoUf] =-3^a(£>ol CT . 



(B.4) 



Of course, this result reproduces that in [8], but here we have used only contact geom- 
etry. In the special case in which £ generates a U(l) action on Y, the quotient Y/U(l) 
is a symplectic orbifold and the contact volume is (proportional to) the symplectic 
volume of Y/U(l). Deformations of the contact structure that leave £ invariant are 
then deformations of the symplectic structure on Y/U(l) that leave the cohomology 
class fixed, which thus preserve the volume. More generally, such deformations leave 
fixed the basic cohomology class of the symplectic structure on the leaf space of the 
Reeb foliation. 

We next deform again the contact form and the Reeb vector field as at = a + to" + 
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0(t 2 ) and i t = £ + ££" + 0(t 2 ), and similarly compute 

^ / ^(O^A(d^) 2 = 8 / ff "(Ovol ff + / .((>" A (da) 2 

dtjy i=0 Jy 

+2 y o-(C') a A da A da" , 
= -24jfa(e , )^(e")vol (J (B.5) 
+8 y </'(£') vol ff - 2 y d(<r(f ')) A a" A a A da . 

Here we have used precisely the same steps as when computing the first derivative in 
(IB. 31) . To deal with the last line, we write 

d(a(£')) = ^a-e'jda, (B.6) 

using Cartan's formula. We now also impose that our original deformation vector field 
£' preserves the initial contact one- form, so C^a = 0. This means that £' is in the 
Lie algebra of strict contact deformations of a. Notice that a similar assumption was 
also made in [8], where the space of Sasakian metrics considered had a fixed isometry 
group, with the Reeb vector field varied in the Lie algebra of this group. Focusing on 
the last line in (IB.5j) . we then have 



8 y a"{i')wo\ a -2 J d(a(£')) A a" A a A da = J a A £'j [(da) 2 A a"] 

= ya(O^A(da) 2 , 

= -& J vol,,. (B.7) 

Altogether we have thus shown that the second derivative of the contact volume is 

d 2 VoU£',r] = 12 ya(£>(n vol,, (B.8) 

thus showing that VoLj(y) is strictly convex. Again, notice that this formula reproduces 
that in [8]. 
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